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ABSTRACT 

 
 

 

In this paper, we deal with the multiplicity of positive solutions for a class of (p , q)-Lalpacian system. Moreover the author 

established suitable conditions under which, the problem has positive solutions. 
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INTRODUCTION 

In this paper, we study the existence of positive solutions 

for the following (𝑝1, 𝑝2)-Laplacian system. 

 

{

𝜑𝑝1(𝑢1
′) + ℎ1(𝑡)𝑓1(𝑢1, 𝑢2) = 0, 𝑡 ∈ (0,1)

𝜑𝑝2(𝑢2
′) + ℎ2(𝑡)𝑓2(𝑢1, 𝑢2) = 0,

𝑢1(0) = 𝑢1(1) = 𝑢2(0) = 𝑢2(0).  

 

(1) 

Where 𝜑𝑝𝑖(𝑥) = |𝑥|
𝑝𝑖−2𝑥, 𝑝𝑖 > 1, 𝑥 ∈ 𝜑𝑝1(𝑢1

′), 𝑓𝑖 ∈

𝐶([0,1] × ℝ+ × ℝ+, ℝ+), 𝜆, 𝜇 > 0, 𝑓𝑖(0,0,0) = 0, for  

i=1,2,  ℎ𝑖 ∈ 𝐿𝑙𝑜𝑐
1 , ℎ𝑖 ∈ 𝑋𝑖 ,  where 

 

𝑋𝑖 = {ℎ𝑖 ∈ 𝐿𝑙𝑜𝑐
1 |

∫ 𝜑𝑝𝑖
−1(∫ |ℎ𝑖(𝑟)|𝑑𝑟)𝑑𝑠

1

2
𝑠

1

2
0

+

∫ 𝜑𝑝𝑖
−1(∫ |ℎ𝑖(𝑟)|𝑑𝑟)𝑑𝑠 < ∞

𝑠
1

2

𝑠
1

2

} 

(2) 

In  recent years, many authors have studied the existence of 

positive  solutions for boundary value problems. For 

example (Liang & Zhang, 2009; Pang, Lian, & Ge, 2007; 

Sun & Ge, 2007) have studied the existence of positive 

solutions for some boundary value problems. The existence 

of three positive solutions for the problem, 

 

(𝜑𝑝(𝑢
′(𝑥))

′
+ 𝜆ℎ(𝑥)𝑓(𝑢(𝑥)) = 0, 𝑥 ∈ (0,1) 

𝑢(0) = 𝑢(1) = 0.  * 

 

was studied by (Sim & Tanaka, 2015). Cheng and Lü (2012) 

studied the existence of solutions for some nonlinear 

eigenvalue (p,q)-Laplacian system. (Lee, Kim, & Lee, 

2014)  have studied the existence of solutions for , 

(𝜑𝑝(𝑢
′(𝑥))

′
+ ℎ(𝑥)𝑓(𝑢(𝑥)) = 0    , 𝑥 ∈ (0,1) 

𝑢(0) = 𝑢(1) = 0.  ** 

In this paper we extend the existence result of  (∗), (∗∗)  to 

the problem (1). 

http://fundamentaljournals.org/ijfps/index.html
mailto:sankarpalchoudhury@gmail.com
https://doi.org/10.14331/ijfps.2016.330098
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PRELIMINARIES 

Let 

 

 

𝐶2[0,1] = {(𝑢1, 𝑢2) ∈ (𝐶[0,1] × 𝐶[0,1]) ∩ (𝐶
1[0,1] × 𝐶1[0,1]|−∞ < lim𝑡→0+𝑚𝑖(𝑡)𝑢𝑖

′(𝑡) < ∞,
 

} 

 

Where 

𝑚𝑖ℎ𝑖(𝑡) =

{
 
 

 
 𝜑𝑝𝑖

−1(∫ |ℎ𝑖(𝑠)|𝑑𝑠))
𝑡

1

2

−1

, 0 ≤ 𝑡 ≤
1

2

𝜑𝑝𝑖
−1(∫ |ℎ𝑖(𝑠)|𝑑𝑠))

𝑡

1

2

−1

,
1

2
 ≤ 𝑡 ≤ 1  

 

(3)  

𝑚𝑖(𝑡) = 𝑚𝑖𝑛{𝑚𝑖ℎ𝑖(𝑡), 1}, (4).  
 

We define   
‖𝑢𝑖‖𝑚𝑖

= ‖𝑢𝑖‖∞ + ‖𝑚𝑖𝑢𝑖
′‖∞ 

 

Let ‖(𝑢1, 𝑢2)‖2 = ‖𝑢1‖𝑚1
+ ‖𝑢2‖𝑚2

. So (𝐶2[0,1], ‖ ‖2)  

is a Banach space.  

Let 𝐾 = {(𝑢1, 𝑢2) ∈ 𝐶2[0,1]|𝑢𝑖(0) = 𝑢𝑖(1) = 0, 𝑖 = 1,2} 
and 

 

 

𝑢𝑖(𝑡) =

{
  
 

  
 
∫
𝜑𝑝𝑖
−1 (𝜑𝑝𝑖 (𝑢𝑖

′ (
1

2
)) − ∫ 𝜑𝑝𝑖

1

2
𝑠

(𝑢𝑖
′ (𝑟))

′
𝑑𝑟)𝑑𝑠,

0 ≤ 𝑡 ≤
1

2

𝑡

0

∫
𝜑𝑝𝑖
−1 (−𝜑𝑝𝑖 (𝑢𝑖

′ (
1

2
)) − ∫ 𝜑𝑝𝑖

𝑠
1

2

(𝑢𝑖
′ (𝑟))

′
𝑑𝑟) 𝑑𝑠,

 
1

2
≤ 𝑡 ≤ 1

1

𝑡

      (4)  

 

Then (𝑢1(𝑡), 𝑢2(𝑡))  is a solution of  problem (1). We define  

 

𝑇𝑖(𝑢1(𝑡), 𝑢2(𝑡)) =  

{
  
 

  
 
∫
𝜑𝑝𝑖
−1 (𝜑𝑝𝑖 (𝑢𝑖

′ (
1

2
)) ℎ𝑖𝑓𝑖(𝑢1, 𝑢2)) + ∫ ℎ𝑖(𝑟)𝑓𝑖(𝑢1(𝑟), 𝑢2(𝑟))

1

2
𝑠

𝑑𝑟) 𝑑𝑠,

                                                     0 ≤ 𝑡 ≤
1

2
  ,                                         

𝑡

0

∫
𝜑𝑝𝑖
−1 (−𝜑𝑝𝑖 (𝑢𝑖

′ (
1

2
)) ℎ𝑖𝑓𝑖(𝑢1, 𝑢2)) + ∫ ℎ𝑖(𝑟)𝑓𝑖(𝑢1(𝑟), 𝑢2(𝑟)

𝑠
1

2

𝑑𝑟) 𝑑𝑠,

 
1

2
≤ 𝑡 ≤ 1

1

𝑡

    (5) 

 

 

 

 

 

And 𝑇(𝑢1, 𝑢2) = (𝑇1(𝑢1, 𝑢2), 𝑇2(𝑢1, 𝑢2)), (𝑢1, 𝑢2) ∈ 𝐾. 

Then 𝑇(𝑢1, 𝑢2) = (𝑢1, 𝑢2)  if and only if  (𝑢1, 𝑢2)  is a 

solution of problem (1). 

 

Theorem (1)  Operator   𝑇:𝐾 → 𝐾 is completely 

continuous. 

 

Proof.  Suppose  𝐺1 × 𝐺2 be a bounded subset of K. We 

prove  𝑇(𝑢1𝑛, 𝑢2𝑛) is relative compact for a sequence  
{(𝑢1𝑛, 𝑢2𝑛)} ⊂ 𝐺1 × 𝐺2. We show that if  (𝑢01, 𝑢02) ∈ 𝐾  

and there is a subsequence  𝑇(𝑢1𝑛𝑙 , 𝑢2𝑛𝑙) of  𝑇(𝑢1𝑛, 𝑢2𝑛) 
such that 𝑇(𝑢1𝑛𝑙 , 𝑢2𝑛𝑙) → (𝑢01, 𝑢02)  where   𝑙 → ∞ in K 

and 𝑇 is continuous on 𝐾. We prove  
{(𝑚1𝑇1(𝑢1𝑛, 𝑢2𝑛), (𝑚2𝑇2(𝑢1𝑛, 𝑢2𝑛)}  is uniform bounded 

in  𝐶2[0,1].  
Since     𝐺1 × 𝐺2 is bounded in K, there exists  𝜆𝐺 > 0 . 

Such that   ‖𝑢1‖∞ + ‖𝑢2‖∞ < 𝜆𝐺  and  ‖𝑚1 𝑢1
′‖∞ +

‖𝑚2 𝑢2
′ ‖∞ < 𝜆𝐺, for  (𝑢1, 𝑢1) ∈ 𝐺1 × 𝐺2. There is  𝜆𝐺

′ > 0  

so that |𝜑𝑝𝑖 (𝑢𝑖
′ (
1

2
)) (ℎ𝑖𝑓𝑖(𝑢1, 𝑢2))| < 𝜆𝐺

′ .  

Similar to (Lee  et  al., 2014), we have 

 

|(𝑇𝑖(𝑢1𝑛, 𝑢2𝑛))
′(𝑡)| ≤

𝜑𝑝𝑖
−1(|𝜑𝑝𝑖 (𝜑𝑝𝑖𝑢𝑖

′ (
1

2
)) (ℎ𝑖𝑓𝑖(𝑢1, 𝑢2))| +

∫ |ℎ𝑖(𝑠)||𝑓𝑖(𝑢1𝑛(𝑠), 𝑢2𝑛(𝑠))|
1

2
𝑡

𝑑𝑠) 

≤ 𝜑𝑝𝑖
−1(𝜆𝐺

′ + 𝑓𝑖̅  ∫ |ℎ𝑖(𝑠)|𝑑𝑠 ≤

1

2

𝑡

 𝜆𝑝𝑖(𝜑𝑝𝑖
−1(𝜆𝐺

′ )

+ 𝜑𝑝𝑖
−1(𝑓𝑖̅ )𝜑𝑝𝑖

−1(∫ |ℎ𝑖(𝑠)|𝑑𝑠

1

2

𝑡

)) 

(6)    

Where 

𝑓𝑖̅ = max
𝑠∈[−𝜆𝐺,𝜆𝐺]

|𝑓𝑖(𝑢1(𝑠), 𝑢2(𝑠))| 𝜆𝑝𝑖

= {
1   , 𝑝𝑖 > 2

2(2−𝑝𝑖)(𝑝𝑖−1), 1 < 𝑝𝑖 ≤ 2
  

(7) 

So, 

     𝑚𝑖(𝑡)𝜑𝑝𝑖
−1 (∫ |ℎ𝑖(𝑠)|𝑑𝑠

1

2
𝑡

) ≤ 1,                    (8) 

then for 𝑡 ∈ (0,
1

2
),  

  

𝑚𝑖(𝑡)|(𝑇𝑖(𝑢1𝑛(𝑡), 𝑢2𝑛(𝑡)))
′| ≤  𝜆𝑝𝑖(𝜑𝑝𝑖

−1(𝜆𝐺
′ ) + 𝜑𝑝𝑖

−1(𝑓𝑖̅ ))   

 

(9) 
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thus, 
|(𝑚1(𝑇1(𝑢1𝑛, 𝑢2𝑛))

′, 𝑚2(𝑇2(𝑢1𝑛, 𝑢2𝑛))
′)|

≤ 𝜆𝑝1(𝜑𝑝1
−1(𝜆𝐺

′ ) + 𝜑𝑝1
−1(𝑓1̅ ))

+ 𝜆𝑝2(𝜑𝑝2
−1(𝜆𝐺

′ ) + 𝜑𝑝2
−1(𝑓2̅ )) 

 

Similarly, we can find the same upper bound of 

(𝑚1(𝑇1(𝑢1𝑛, 𝑢2𝑛))
′,thus 

 
{(𝑚1(𝑇1(𝑢1𝑛, 𝑢2𝑛))

′, 𝑚2(𝑇2(𝑢1𝑛, 𝑢2𝑛))
′} 

 

is bounded. Suppose that ℎ𝑖 ∈ 𝐿
1(0,1) , Since  ‖𝑚𝑖𝑢𝑖𝑛

′ ‖∞ <
𝜆𝐺, then  |𝑢𝑖𝑛

′ | < 𝜆𝐺(𝑚𝑖)
−1 ∈ 𝐿1(0,1). So  {(𝑢1𝑛, 𝑢2𝑛) } is 

equicontinuous in  𝐶[0,1] × 𝐶[0,1]  and by Arzela-Ascoli 

theorem, there exist a sequence {(𝑢1𝑛𝑘, 𝑢2𝑛𝑘) }  of  
{(𝑢1𝑛, 𝑢2𝑛) }  and (𝑣1, 𝑣2) ∈ 𝐶[0,1] × 𝐶[0,1]  such that  
{(𝑢1𝑛𝑘, 𝑢2𝑛𝑘) } → (𝑣1, 𝑣2) .  
 

Thus we have, 

𝑚𝑖(𝑡)𝜑𝑝𝑖
−1(𝜑𝑝𝑖 (𝜑𝑝𝑖𝑢𝑖

′ (
1

2
)) (ℎ𝑖𝑓𝑖(𝑢1𝑛𝑘, 𝑢2𝑛𝑘))  

+∫ ℎ𝑖(𝑠)𝑓𝑖(𝑢1𝑛𝑘(𝑠), 𝑢2𝑛𝑘(𝑠))
1

2
𝑡

𝑑𝑠) →     

𝑚𝑖(𝑡)𝜑𝑝𝑖
−1(𝜑𝑝𝑖 (𝜑𝑝𝑖𝑢𝑖

′ (
1

2
)) (ℎ𝑖𝑓𝑖(𝑣1, 𝑣2))   

+∫ ℎ𝑖(𝑠)𝑓𝑖(𝑣1(𝑠), 𝑣2(𝑠))
1

2
𝑡

𝑑𝑠), 

(10) 

  

Thus { (𝑚1 (𝑇1 (𝑢1𝑛, 𝑢2𝑛))
′,  𝑚2 (𝑇2 (𝑢1𝑛, 𝑢2𝑛))

′} is 

equicontinuous.  

If ℎ𝑖 ∈ 𝑋𝑖 ∖ 𝐿
1(0,1), {(𝑚1(𝑇1(𝑢1𝑛, 𝑢2𝑛))

′, 𝑚2(𝑇2(𝑢1𝑛, 𝑢2𝑛))
′} 

is not equicontinuous. Thus there exists   𝜀 > 0 such that a 

sequence  {(𝑢1𝑛𝑘, 𝑢2𝑛𝑘) } of {(𝑢1𝑛, 𝑢2𝑛) }  and sequence  
{𝑡𝑘}, {𝑠𝑘} ⊂ (0,1)  satisfying 

 
|(𝑚𝑖(𝑇𝑖(𝑢1𝑛𝑘 , 𝑢2𝑛𝑘))

′(𝑡𝑘) − 𝑚𝑖(𝑇𝑖(𝑢1𝑛𝑘 , 𝑢2𝑛𝑘))
′(𝑠𝑘)| ≥ 𝜀, 

(11) 

 

|𝑡𝑘 − 𝑠𝑘| <
1

𝑘
   , we show that  lim

𝑘→∞
𝑡𝑘 = 0  𝑜𝑟 1. If it is not 

true, thus lim
𝑘→∞

𝑡𝑘 = 𝑡0 ∈ (0,1) . Let 𝜂 satisfying  0 < 𝜂0 <

𝑚𝑖𝑛{𝑡0, 1 − 𝑡0}, so ℎ𝑖 ∈ 𝐿
1[𝜂𝑖, 1 − 𝜂𝑖] and  𝑢𝑖𝑛𝑘 → 𝑣𝑖 . Then 

we prove that {𝑚𝑖(𝑇𝑖(𝑢1𝑛, 𝑢2𝑛))
′} is equicontinuous. So 

there is sufficiently large 𝑁 ∈ ℕ such that 

  

|(𝑚𝑖(𝑇𝑖(𝑢1𝑛𝑁 , 𝑢2𝑛𝑁))
′(𝑡𝑁)

− 𝑚𝑖(𝑇𝑖(𝑢1𝑛𝑁 , 𝑢2𝑛𝑁))
′(𝑠𝑁)| < 𝜀 

(12)   

and this contradicts with (11). Consider  lim
𝑘→∞

𝑡𝑘 =

lim
𝑘→∞

𝑠𝑘 = 0.    lim
𝑘→∞

𝑡𝑘 = lim
𝑘→∞

𝑠𝑘 =1  is similar. Then we get, 

  

(𝑚𝑖(𝑇𝑖(𝑢1𝑛𝑘, 𝑢2𝑛𝑘))
′(𝑡𝑘) =  

𝜑𝑝𝑖
−1(𝑚𝑖

𝑝𝑖−1(𝑡𝑘)𝜑𝑝𝑖 (𝑢𝑖
′ (
1

2
)) (ℎ𝑖𝑓𝑖(𝑢1𝑛𝑘, 𝑢2𝑛𝑘)) 

+𝑚𝑖
𝑝𝑖−1(𝑡𝑘) ∫ ℎ𝑖(𝑠)𝑓𝑖(𝑢1𝑛𝑘(𝑠), 𝑢2𝑛𝑘(𝑠))

1

2
𝑡

𝑑𝑠,  

(13) 

So, 

lim
𝑘→∞

𝑚𝑖
𝑝𝑖−1(𝑡𝑘)𝜑𝑝𝑖 (𝑢𝑖

′ (
1

2
)) (ℎ𝑖𝑓𝑖(𝑢1𝑛𝑘, 𝑢2𝑛𝑘)) = 0     (14) 

Since  𝑢𝑖𝑛𝑘 → 𝑣𝑖 . we have 

lim
𝑘→∞

𝑚𝑖
𝑝𝑖−1(𝑡𝑘)∫ ℎ𝑖(𝑠)(𝑓𝑖(𝑢1𝑛𝑘(𝑠), 𝑢2𝑛𝑘(𝑠))

1

2

𝑡𝑘

− (𝑓𝑖(𝑣1(𝑠), 𝑣2(𝑠))𝑑𝑠 
(15) 

≤ lim
𝑘→∞

𝑚𝑖
𝑝𝑖−1(𝑡𝑘) ∫ ℎ𝑖(𝑠)𝑑𝑠‖𝑓𝑖(𝑢1𝑛𝑘(𝑠), 𝑢2𝑛𝑘(𝑠)) −

1

2
𝑡𝑘

(𝑓𝑖(𝑣1(𝑠), 𝑣2(𝑠))‖∞  

lim
𝑘→∞

‖𝑓𝑖(𝑢1𝑛𝑘(𝑠), 𝑢2𝑛𝑘(𝑠)) − (𝑓𝑖(𝑣1(𝑠), 𝑣2(𝑠))‖
∞
= 0.  

Now, we get  

lim
𝑘→∞

𝑚𝑖
𝑝𝑖−1(𝑡𝑘)∫ ℎ𝑖(𝑠)𝑓𝑖(𝑣1(𝑠), 𝑣2(𝑠))𝑑𝑠

1

2

𝑡𝑘

= {
𝑓𝑖(0,0), ℎ𝑖 > 0 

−𝑓𝑖(0,0), ℎ𝑖 > 0
 

𝑚𝑖
𝑝𝑖−1(𝑡𝑘) = (∫ |ℎ𝑖(𝑠)|

1

2
𝑡𝑘

𝑑𝑠)−1 implies that   

lim
𝑘→∞

𝑚𝑖
𝑝𝑖−1(𝑡𝑘)∫ ℎ𝑖(𝑠)𝑓𝑖(𝑣1(𝑠), 𝑣2(𝑠))𝑑𝑠 =

1

2

𝑡𝑘

 

lim
𝑡→0+

∫ ℎ𝑖(𝑠)𝑓𝑖(𝑣1(𝑠), 𝑣2(𝑠))𝑑𝑠
1

2
𝑡

∫ |ℎ𝑖(𝑠)|𝑑𝑠
1

2
𝑡

, 

(16) 

for  ℎ𝑖𝑓𝑖(𝑣1, 𝑣2) ∈ 𝐿
1((0,

1

2
) × (0,

1

2
)) we have  𝑓(0,0) = 0.  

lim
𝑡→0+

∫ |ℎ𝑖(𝑠)|
1

2
𝑡𝑘

𝑑𝑠 = ∞ implies that the limit (16) is 

0. ℎ𝑖(𝑠)𝑓𝑖(𝑣1(𝑠), 𝑣2(𝑠)) ∉ 𝐿
1 [𝑡,

1

2
].   

Using L’Hospital’s rule, we have 

 

lim
𝑘→∞

(𝑚𝑖(𝑇𝑖(𝑢1𝑛𝑘, 𝑢2𝑛𝑘))
′(𝑡𝑘) = {

𝑓𝑖(0,0), ℎ𝑖 > 0 

−𝑓𝑖(0,0), ℎ𝑖 > 0
 

(17) 

lim
𝑘→∞

(𝑚𝑖(𝑇𝑖(𝑢1𝑛𝑘, 𝑢2𝑛𝑘))
′(𝑡𝑘) = 0 and this contradicts with 

(11).  

Thus {((𝑚1(𝑇1(𝑢1𝑛𝑘, 𝑢2𝑛𝑘))
′, (𝑚2(𝑇2(𝑢1𝑛𝑘, 𝑢2𝑛𝑘))

′}  is 

equicontinuous in 𝐶[0,1] × 𝐶[0,1].  
Suppose that (𝑢1𝑛, 𝑢2𝑛) → (𝑢̈1, 𝑢̈2)  in K. Since 𝐺1 × 𝐺2 is 

compact, there is a sequence {(𝑢1𝑛𝑗 , 𝑢2𝑛𝑗)} and (𝑣1, 𝑣2) ∈

𝐾  such that (𝑇1(𝑢1𝑛𝑘, 𝑢2𝑛𝑘), (𝑇2(𝑢1𝑛𝑘, 𝑢2𝑛𝑘)) → (𝑣1, 𝑣2)   
We Know  that 𝑇 is continuous and (𝑢1𝑛𝑗 , 𝑢2𝑛𝑗) → (𝑢̈1, 𝑢̈2), 

So (𝑇1(𝑢1𝑛𝑘, 𝑢2𝑛𝑘), (𝑇2(𝑢1𝑛𝑘, 𝑢2𝑛𝑘)) → (𝑇1(𝑢̈1, 𝑢̈2), 
𝑇2(𝑢̈1, 𝑢̈2)) then   (𝑇1(𝑢̈1, 𝑢̈2), 𝑇2(𝑢̈1, 𝑢̈2)) ≡ (𝑣1, 𝑣2)  thus 

T is continuous on K. 

 

Definition  (2)  For (𝛼1, 𝛼2) ∈ 𝐶
2([0,1], ℝ), (𝛼1, 𝛼2) is said 

to be a lower (strict lower) solution of  

 

{

𝜑𝑝1(𝑢1
′) + 𝐹(𝑢1, 𝑢2) = 0, 𝑡 ∈ (0,1)

𝜑𝑝2(𝑢2
′) + 𝐺(𝑢1, 𝑢2) = 0,                 

𝑢1(0) = 𝑢1(1) = 𝑢2(0) = 𝑢2(0).  

 

 

If   

{
 
 

 
 𝜑𝑝1(𝛼1(𝑡)

′)′ + 𝐹(𝛼1(𝑡), 𝛼2(𝑡)) ≥ 0, (>), 𝑡 ∈ (0,1)

𝜑𝑝2(𝛼2(𝑡)
′) + 𝐺(𝛼1(𝑡), 𝛼2(𝑡)) ≥ 0, (>)                   

𝛼1(0) ≤ 0 (< 0), 𝛼2(0) ≤ 0 (< 0),

𝛼2(0) ≤ 0 (< 0), 𝛼2(1) ≤ 0 (< 0).
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An upper (strict upper) solution (𝛽1, 𝛽2) ∈ 𝐶
2[0,1] ×

𝐶2[0,1]  can also be defined if it satisfies the reverse of the 

above inequalities. 

RESULTS 

Theorem (3)  Suppose that there exist a strict lower solution 
(𝛼1, 𝛼2) and a strict upper solution (𝛽1, 𝛽2)  of (1) such that  
(𝛼1, 𝛼2) < (𝛽1, 𝛽2). Then problem (1) has at least one 

solution (𝑢1, 𝑢2)  such that  (𝛼1, 𝛼2) < (𝑢1, 𝑢2) <  (𝛽1, 𝛽2). 
Then the Leray-Schauder degree is deg(𝐼−,Ω, 0) = 1,
(16) where, 

Ω =
{(𝑢1, 𝑢2) ∈ 𝐾|(𝛼1, 𝛼2) < (𝑢1, 𝑢2) < (𝛽1, 𝛽2), ‖(𝑢1, 𝑢2)‖2 < 𝑟}   

 

for  𝑟 > 0 . 

 
Proof.  Let  

𝜑𝑝1(𝑢1
′(𝑡))′ + ℎ1(𝑡)𝑓1(𝛿(𝑢1(𝑡), 𝑢2(𝑡))) = 0 , 𝑡 ∈ (0,1), 

𝜑𝑝1(𝑢1
′(𝑡))′ + ℎ1(𝑡)𝑓1(𝛿(𝑢1(𝑡), 𝑢2(𝑡))) = 0 

 𝑢1(0) = 𝑢1(1) = 𝑢2(0) = 𝑢2(0) 
(18) 

Where   𝛿:ℝ ×  ℝ → ℝ × ℝ is defined by 

 

𝛿(𝑢1, 𝑢2) = {

(𝛽1, 𝛽2),                     (𝑢1, 𝑢2) > (𝛽1, 𝛽2) 
(𝑢1, 𝑢2), (𝛼1, 𝛼2) ≤ (𝑢1, 𝑢2) ≤ (𝛽1, 𝛽2) ,    
(𝛼1, 𝛼2),                    (𝑢1, 𝑢2) < (𝛼1, 𝛼2) 

                                      

(19) 

 

If   (𝑢1, 𝑢2) be a solution of (18), then  (𝛼1, 𝛼2) <
(𝑢1, 𝑢2) <  (𝛽1, 𝛽2) and  (𝑢1, 𝑢2) is a solution of  (1). Let  

𝑇:̅  𝐾 → 𝐾 such that  𝑇̅(𝑢1, 𝑢2) = 𝑇(𝛿(𝑢1, 𝑢2))  so  𝑇̅ is 

bounded and there exists  𝑟 ≫ 1 such that  ‖𝑇̅(𝑢1, 𝑢2)‖2 <r  

for  (𝑢1, 𝑢2) ∈ 𝐾. So we have, 

  

 deg(𝐼 − 𝑇̅, Br(0),0) = deg(𝐼, Br(0),0) = 1  (20) 

  

Where  Br(0) = {(𝑢1, 𝑢2) ∈ 𝐾|  ‖(𝑢1, 𝑢2)‖2 < 𝑟}. Thus 

(18) has a solution and (1) has a solution (𝑢1, 𝑢2)  satisfying   
(𝛼1, 𝛼2) < (𝑢1, 𝑢2) < (𝛽1, 𝛽2). From (20) we have 

 

deg(𝐼 − 𝑇, Ω, 0) = deg(𝐼 − 𝑇̅, Ω, 0)
= deg(𝐼, Br(0),0) = 1. 

(21) 

 

Theorem (4)  Suppose that  
(𝛼1, 𝛼2) ≤ (𝛽1, 𝛽2) ≤ (𝛾1, 𝛾2) , 

(𝛼1, 𝛼2) ≤ (𝜂1, 𝜂2) ≤ (𝛾1, 𝛾2)  

(22) 

where  (𝛼1, 𝛼2) is a lower solution , (𝛾1, 𝛾2) an upper 

solution , (𝜂1, 𝜂2) a strict lower solution and (𝛽1, 𝛽2) a strict 

upper solution of (1) and there exists 𝑡0 ∈ [0,1] such that  
(𝛽1(𝑡0), 𝛽2(𝑡0)) < (𝜂1(𝑡0), 𝜂2(𝑡0)).  
 

Then problem (1) has at least three solutions   
(𝑢1, 𝑢2), (𝑢′1, 𝑢′2), (𝑢′′1, 𝑢′′2)  such that 

 
(𝛼1, 𝛼2) ≤ (𝑢1, 𝑢2) < (𝛽1, 𝛽2), 
(𝜂1, 𝜂2) <  (𝑢′1, 𝑢′2) ≤ (𝛾1, 𝛾2) 

(23) 
(𝑢′′1, 𝑢

′′
2) ∈ ([𝛼1, 𝛾1] × [𝛼2, 𝛾2]) ∖ 

(([𝛼1, 𝛽1] × [𝛼2, 𝛽2])⋃([𝜂1, 𝛾1] × [𝜂2, 𝛾2])). 

 

Proof.  Let   

𝜑𝑝1(𝑢1
′(𝑡))′ + ℎ1(𝑡)𝑓1(𝛿(𝑢1(𝑡), 𝑢2(𝑡))) = 0 , 𝑡 ∈ (0,1),    

𝜑𝑝1(𝑢1
′(𝑡))′ + ℎ1(𝑡)𝑓1(𝛿(𝑢1(𝑡), 𝑢2(𝑡))) = 0   

 𝑢1(0) = 𝑢1(1) = 𝑢2(0) = 𝑢2(0). 
(24)                                                    

 Where  𝛿:ℝ ×  ℝ → ℝ × ℝ is defined by 

𝛿(𝑢1, 𝑢2) = {

(𝛾1, 𝛾2),                     (𝑢1, 𝑢2) > (𝛾1, 𝛾2) 
(𝑢1, 𝑢2), (𝛼1, 𝛼2) ≤ (𝑢1, 𝑢2) ≤ (𝛾1, 𝛾2)  
(𝛼1, 𝛼2),                    (𝑢1, 𝑢2) < (𝛼1, 𝛼2) 

 

(25) 

 

We know that  (𝛼1 − 𝜀, 𝛼2 + 𝜀), (𝛾1 + 𝜀, 𝛾2 + 𝜀) are strict 

lower solution and strict upper solution of  (24). Thus, if  
(𝑢1, 𝑢2)  is a solution of (24), then 

(𝛼1 − 𝜀, 𝛼2 + 𝜀) < (𝛼1, 𝛼2) ≤ (𝑢1, 𝑢2) 
≤ (𝛾1, 𝛾2) < (𝛾1 + 𝜀, 𝛾2 + 𝜀). 

 

Theorem 1, implies that there is a sufficient  𝑟 > 0 such that 

the following satisfying, 

 

Ω1 = {(𝑢1, 𝑢2) ∈ 𝐾|
(𝛼1 − 𝜀, 𝛼2 − 𝜀) < (𝑢1, 𝑢2)

< (𝛽1, 𝛽2), ‖(𝑢1, 𝑢2)‖2 < 𝑟
} 

 

Ω2 = {(𝑢1, 𝑢2) ∈ 𝐾|
(𝜂1, 𝜂2) < (𝑢1, 𝑢2) <

(𝛾1 + 𝜀, 𝛾2 + 𝜀), ‖(𝑢1, 𝑢2)‖2 < 𝑟
} 

 

Ω3 = {(𝑢1, 𝑢2) ∈ 𝐾|
(𝛼1 − 𝜀, 𝛼2 − 𝜀) < (𝑢1, 𝑢2) <
(𝛾1 + 𝜀, 𝛾2 + 𝜀), ‖(𝑢1, 𝑢2)‖2 < 𝑟

} 

 

let 𝑇 𝛿: 𝐾 → 𝐾 is defined by  𝑇 𝛿(𝑢1, 𝑢2)(𝑡) = 𝑇(𝛿(𝑢1, 𝑢2)). 
Thus we have deg(𝐼 − 𝑇 𝛿 , Ω3 ∖ (Ω1̅̅̅̅ ∪ Ω2̅̅̅̅ ) ,0) = −1. So 

there are three solutions of  (24),  (𝑢1, 𝑢2) ∈ Ω1̅̅̅̅ ,  

(𝑢′1, 𝑢′2) ∈ Ω2̅̅̅̅ ,  (𝑢′′1, 𝑢′′2) ∈ Ω3 ∖ (Ω1̅̅̅̅ ∪ Ω2̅̅̅̅ ).  Suppose 

that  

{

𝜑𝑝1(𝑢1
′)′ + 𝜆1ℎ1(𝑡)𝑓1(𝑢1, 𝑢2) = 0, 𝑡 ∈ (0,1)

𝜑𝑝2(𝑢2
′)′ + 𝜆2ℎ2(𝑡)𝑓2(𝑢1, 𝑢2) = 0,                 

𝑢1(0) = 𝑢1(1) = 𝑢2(0) = 𝑢2(0).  

     

(26) 

Where 

𝜆𝑖 > 0, ℎ𝑖 > 0, 
𝐻1) min

𝑡∈(0,1)
ℎ𝑖 (𝑡) = ℎ𝑖>0, 

𝐻2) lim
𝑢1→∞

𝑓1(𝑢1, 0)

𝜑𝑝1(𝑢1)
= 0, 

𝐻3) lim
𝑢2→∞

𝑓2(0,𝑢2)

𝜑𝑝2(𝑢2)
= 0, and 

𝐻4)  𝑓𝑖  𝑖𝑠 𝑛𝑜𝑛𝑑𝑒𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔. 
 

Theorem  (5)  Suppose  (𝐻1) − (𝐻4)  hold  𝑎 > 0, 𝑏 >

0, 𝑐 > 0, 𝑑 > 0 such that  𝑎 < 𝑏, 𝑐 < 𝑑 and    
𝑎𝑝1−1

𝑓1(𝑎,0)
>

𝑟1
𝑏𝑝1−1

𝑓1(𝑏,0)
 ,   

𝑐𝑝2−1

𝑓2(0,𝑐)
> 𝑟2

𝑑𝑝2−1

𝑓2(0,𝑑)
   where  𝑟𝑖 = 4

𝑝𝑖(
‖𝑢𝑖‖∞

𝑝𝑖−1

ℎ𝑖
)  and  

𝑢𝑖 the solution of 

 

    𝜑𝑝𝑖(𝑢𝑖
′) + ℎ𝑖(𝑡) = 0 ,   𝑢𝑖(0) = 𝑢𝑖(1) = 0         (27)    

 

then for  𝜃𝑖 > 0 satisfying 
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𝑟1
𝑏𝑝1−1

𝑓1(𝑏,0)‖𝑢1‖∞
𝑝1−1

< 𝜃1 <
𝑎𝑝1−1

𝑓1(𝑎,0)‖𝑢1‖∞
𝑝1−1

   , 

𝑟2
𝑑𝑝2−1

𝑓2(0,𝑑)‖𝑢2‖∞
𝑝2−1

< 𝜃2 <
𝑐𝑝2−1

𝑓2(0,𝑐)‖𝑢2‖∞
𝑝2−1

  , 

(28) 

problem (26) has three positive solutions. 

 

Proof.  From (28) it is easy to see that  (𝛼1, 𝛼2) ≡ (0,0)  is 

a lower solution of  (26).  

Suppose  (𝛽1, 𝛽2) = (𝑎 (
𝑢1

‖𝑢1‖∞
) , 𝑐 (

𝑢2

‖𝑢2‖∞
)). We have 

−𝜑𝑝1 (𝛽
′
1
(𝑡))

′

=
𝑎𝑝1−1

‖𝑢1‖∞
𝑝1−1

𝜑𝑝1(𝑢1
′)′ =

𝑎𝑝1−1

‖𝑢1‖∞
𝑝1−1

ℎ𝑖(𝑡) 

> 𝜃1ℎ1(𝑡)𝑓1(𝑎, 0) ≥ 𝜃1ℎ1(𝑡)𝑓1(𝛽1(𝑡), 0). 
(29)                                                         

Thus (𝛽1, 𝛽2) = (𝑎 (
𝑢1

‖𝑢1‖∞
) , 𝑐 (

𝑢2

‖𝑢2‖∞
)) is an upper solution 

of  (26). Now, let (𝑢1, 𝑢2) be a solution of (26) and  

(𝑢1, 𝑢2) ≤ (𝛽1, 𝛽2) = (𝑎 (
𝑢1

‖𝑢1‖∞
) , 𝑐 (

𝑢2

‖𝑢2‖∞
)),  we show 

that   (𝑢1, 𝑢2) < (𝛽1, 𝛽2) . Otherwise, there exist  𝑡1 < 𝑡2 

such that (𝑢1
′ (𝑡2), 𝑢2

′ (𝑡2)) < (𝛽1′(𝑡2), 𝛽2′(𝑡2))  and  

(𝑢1
′ (𝑡1), 𝑢2

′ (𝑡1)) = (𝛽1′(𝑡1), 𝛽2′(𝑡1)) 

Then we have 

0 ≤ ∫ −𝜃𝑖ℎ𝑖(𝑠)𝑓𝑖(𝑢1(𝑠), 𝑢2(𝑠))
𝑡2

𝑡1

+ 𝜃𝑖ℎ𝑖(𝑠)𝑓𝑖(𝛽1(𝑠), 𝛽2(𝑠)) 

< ∫ 𝜑𝑝𝑖(𝑢𝑖
′(𝑠))

𝑡2

𝑡1

′

− 𝜑𝑝𝑖(𝛽𝑖
′(𝑠))

′

𝑑𝑠 < 0,  

(30)                                                         

It is a contradiction. Since 

𝜑𝑝𝑖(𝑢𝑖
′(𝑡))

′
−𝜑𝑝𝑖(𝛽𝑖

′(𝑡))
′

> 0, 𝑡 ∈ (0,1), 

(31)              

There is 𝑒 ∈ (0,1)  such that 

 
(𝑢1

′ (𝑒), 𝑢2
′ (𝑒)) > (𝛽1′(𝑒), 𝛽2′(𝑒)) if not (𝑢1

′ (𝑒), 𝑢2
′ (𝑒)) ≤

(𝛽1′(𝑒), 𝛽2′(𝑒))   so we have   𝜑𝑝𝑖(𝑢𝑖
′(1)) − 𝜑𝑝𝑖(𝛽𝑖

′(1)) >   

𝜑𝑝𝑖(𝑢𝑖
′(𝑑)) − 𝜑𝑝𝑖(𝛽𝑖

′(𝑑)) > 0 and thus 𝑚𝑖𝑢𝑖
′(1) >

𝑚𝑖𝛽𝑖
′(1) then 

 

𝑚𝑖𝛽𝑖
′(1) = lim

𝑡→1−
𝑚𝑖(𝑡)𝛽𝑖

′(𝑡) = 

lim
𝑡→1−

1

𝜑𝑝𝑖
−1(∫ ℎ𝑖(𝑠)𝑑𝑠)

𝑡
1

2

×

[
 
 
 
 −𝜑𝑝𝑖

−1(−𝛼𝑖 (
𝑎𝑝1−1

‖𝑢1‖∞
𝑝1−1

ℎ𝑖) +

𝑎𝑝1−1

‖𝑢1‖∞
𝑝1−1

∫ ℎ𝑖(𝑠)𝑑𝑠)
𝑡

1

2 ]
 
 
 
 

 

= 𝜑𝑝𝑖
−1 (−

𝑎𝑝1−1

‖𝑢1‖∞
𝑝1−1

). 

 

L’Hospital’s rule,  implies that 

 

𝑚𝑖𝑢𝑖
′(1) = lim

𝑡→1−
𝑚𝑖(𝑡)𝑢𝑖

′(𝑡) = 

lim
𝑡→1−

1

𝜑𝑝𝑖
−1(∫ ℎ𝑖(𝑠)𝑑𝑠)

𝑡
1

2

× [

−𝜑𝑝𝑖
−1(−𝛼𝑖(𝜃𝑖ℎ𝑖𝑓𝑖(𝑢1, 𝑢2)) +

∫ 𝜃𝑖ℎ𝑖(𝑠)𝑓𝑖(𝑢1(𝑠), 𝑢2(𝑠))𝑑𝑠)
𝑡

1

2

] 

= lim
𝑡→1−

− 𝜑𝑝𝑖
−1(−

𝛼𝑖(𝜃𝑖ℎ𝑖𝑓𝑖(𝑢1, 𝑢2))

∫ ℎ𝑖(𝑠)𝑑𝑠
𝑡
1

2

+
∫ 𝜃𝑖ℎ𝑖𝑓𝑖(𝑢1, 𝑢2)𝑑𝑠
𝑡
1

2

∫ ℎ𝑖(𝑠)𝑑𝑠
𝑡
1

2

) 

= 𝜑𝑝𝑖
−1(− lim

𝑡→1−
 
∫ 𝜃𝑖ℎ𝑖(𝑠)𝑓𝑖(𝑢1(𝑠), 𝑢2(𝑠))𝑑𝑠)
𝑡
1

2

∫ ℎ𝑖(𝑠)𝑑𝑠)
𝑡
1

2

) 

= 𝜑𝑝𝑖
−1(− lim

𝑡→1−
 
𝜃𝑖ℎ𝑖(𝑡)𝑓𝑖(𝑢1(𝑡), 𝑢2(𝑡))

ℎ𝑖(𝑡)
) 

 

= 𝜑𝑝𝑖
−1 (− lim

𝑡→1−
𝜃𝑖𝑓𝑖(𝑢1(𝑡), 𝑢2(𝑡)))  = 𝜑𝑝𝑖

−1(−𝜃𝑖𝑓𝑖(0,0)) 

For i=1  we have    𝑚1𝑢1
′ (1) > 𝜑𝑝1

−1
(−

𝑎𝑝1−1𝑓1(0,0)

𝑓1(𝑎,0)‖𝑢1‖∞
𝑝1−1

) 

> 𝜑𝑝1
−1 (−

𝑎𝑝1−1

‖𝑢1‖∞
𝑝1−1

) = 𝑚1𝛽1
′(1) 

 

Thus  𝑚1𝑢1
′ (1) > 𝑚1𝛽1

′(1) we proved (𝛽1, 𝛽2) is a strict 

upper solution of (26).  

Now, let  𝜃1
∗  , k, j>1 satisfying   𝑟1

𝑏𝑝1−1

𝑓1(𝑏,0)‖𝑢1‖∞
𝑝1−1

<

𝜃1
∗  < 𝜃1,  1 < (𝑘1𝑗)

𝑝1−1 <
𝜃1
∗ℎ1𝑓1(𝑏,0)

4𝑝1𝑏𝑝1−1
 .  

 

Suppose that 𝜂1 be the solution of  

 

𝜑𝑝1(𝜂1
′ (𝑡))

′
+ 𝜃1

∗ℎ1𝑓1(𝑣1(𝑡), 𝑣2(𝑡)) = 0, 

𝜂1(0) = 𝜂1(1) = 0, 
 

Where  𝑣1(𝑡) = 𝑏𝜏1(𝑡),   𝑣2(𝑡) = 𝑑𝜏2(𝑡),  and 

 

𝜏𝑖(𝑡) = {
1 − (1 − (4𝑡)𝑘𝑖) 𝑗 , 0 ≤ 𝑡 ≤

1

4

1                                 ,
1

4
≤ 𝑡 ≤

1

2

 

 

So we  have  

𝜂1
′ (𝑡) = 𝜑𝑝1

−1(∫ 𝜃1
∗ℎ1𝑓1(𝑣1(𝑠), 𝑣2(𝑠))𝑑𝑠

1

2

𝑡

 

≥ 𝜑𝑝1
−1(∫ 𝜃1

∗ℎ1𝑓1(𝑚1(𝑠),𝑚2(𝑠))𝑑𝑠

1

2

1

4

 

= (𝜃1
∗ℎ1𝑓1(𝑏, 0)

1

4
)

1

𝑝1−1 > 𝑣1
′(𝑡). 

then  (𝜂1, 𝜂2) > (𝑣1, 𝑣2), we can see that 
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𝑚𝑖𝑢𝑖
′(0) = lim

𝑡→0+
𝑚𝑖(𝑡)𝑢𝑖

′(𝑡) = lim
𝑡→0+

1

𝜑𝑝𝑖
−1(∫ ℎ𝑖(𝑠)𝑑𝑠)

1

2
𝑡

× [

𝜑𝑝𝑖
−1(𝛼𝑖(𝜃𝑖ℎ𝑖𝑓𝑖(𝑢1, 𝑢2)) +

∫ 𝜃𝑖ℎ𝑖(𝑠)𝑓𝑖(𝑢1(𝑠), 𝑢2(𝑠))𝑑𝑠)

1

2

𝑡

]

= 𝜑𝑝𝑖
−1( lim

𝑡→0+
 
𝜃𝑖ℎ𝑖(𝑡)𝑓𝑖(𝑢1(𝑡), 𝑢2(𝑡))

ℎ𝑖(𝑡)
)

= 𝜃𝑖𝑓𝑖(0,0) > 0 = 𝑚𝑖𝜂𝑖
′(0). 

We conclude that  (𝑢1, 𝑢2) ≥ (𝜂1, 𝜂2). Thus (𝜂1, 𝜂2) is a 

strict lower solution of (26).  

Let  𝛾1 =
𝜃1𝑙1𝑢1

‖𝑢1‖∞
,  𝛾2 =

𝜃2𝑙2𝑢2

‖𝑢2‖∞
 ,  From  (𝐻3) there exists 

𝑙𝑖 ≫ 1 such that   
𝑓𝑖(𝜃1𝑙1,𝜃2𝑙2)

(𝜃𝑖𝑙𝑖)
𝑝𝑖−1

<
𝜃𝑖

‖𝑢𝑖‖∞
𝑝𝑖−1

, 

 (𝜂1, 𝜂2) > (𝛾1, 𝛾2),   (𝛽1, 𝛽2) < (𝛾1, 𝛾2).   
So 

−𝜑𝑝𝑖(𝛾𝑖
′(𝑡))

′
= −

(𝜃𝑖𝑙𝑖)
𝑝𝑖−1𝜑𝑝𝑖(𝑢𝑖

′(𝑡))′

‖𝑢𝑖‖∞
𝑝𝑖−1

> 

𝜃𝑖ℎ𝑖(𝑡)𝑓𝑖(𝜃1𝑙1, 𝜃2𝑙2) ≥ 𝜃𝑖ℎ𝑖(𝑡)𝑓𝑖(𝛾1(𝑡), 𝛾2(𝑡)).  

Thus  (𝛾1, 𝛾2)  is an upper solution of (26)  and  by theorem 

4 problem (1)  has three solutions. 
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