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ABSTRACT

In recent years, boundary value problem of second-order have received a lot of attention. In this paper, | study the existence of
positive solutions for a class of p-Laplacian boundary value problem at infinity. The fixed point theorems in cones is the our
main tools to prove the existence of solutions. I provide sufficient conditions under which this system has solution. | establish
some propositions to prove the existence of positive solutions for these equations.
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INTRODUCTION

In recent years, boundary value problems have received a lot
of attention. For example (Liang & Zhang, 2009; Pang, Lian,
& Ge, 2007) have studied the existence of positive solutions
for some boundary value problems.

In this paper, we study the existence of positive solutions for
the following system:

B +m@) f(u,v)=0 ,
(¢p (vV))' +n()g(u,v) =0 (1)

{U(O)—ao(u'(n))=0, U'(+e0) =0, @)
v(0)- By (v'(£))=0, V'(+0)=0
Where

$p©)=[sP s , p>1, 4y =(¢p)—1,%+ql=1,

1,& € (0420),m,n: [0,4e0) - [0,4+0) have countably many singularities
on [0+4x0). ag, By are functions which satisfy the conditions

that there are nonnegative oy, 1,5, B, such that

Bix< o)< Box for xyen.

X< ap(X) <anX

Liang & Zhang, (2009), studied the existence of positive
solutions for

(¢ (U®) +at) f (t,u®) = 0,0 €[0,4<0)

U(0)—Bou'(7) =0, U'(+0)=0

Where ¢(s):R—®R is an increasing homomorphism and

#(0)=0. 7€ (0,40),a: [0,+oo) - [0,+oo) .

Now, we assume that the following conditions:
H1) f,9eC([0,+:)?,[0,40)), f(0,0)+0,g(0,0)=0 on any
subinterval of [0,4) and when u, v are bounded,

f(@L+t)u, L+t)v) ,g(@+t)u, (L+t)v) are bounded on [0,+)?.
H,) There exists a sequence {'[i }Zl suchthat 1<t <ft;

, lim t; =¢t; < oo t0>1,tlirtnm(t)=oo =12,
=t

i—>+o0

and

[t [ Tmctras < 4o

fm(pp‘l( fmn(t)dt)ds <+,
0 N
3
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H,) There exists a sequence {ti}il such  that

O0<ti <t<l, lim¢t;=t, <o |, t0>1,tlirtna(t)=
-t

11—+

o ,i=1,2,--+ and (3) holds.

SOME DEFINITIONS AND FIXED POIN THEOREMS

Definition (1)

Let (X,]l. 1)) be a real Banach space and a non-empty, closed,
convex C subset of X is called a Cone of X, If it satisfies
the following conditions:

i)If xeC and A=0 impliesthat Ax € C,ii) If x€C
and —x € C impliesthat x =0,

Every cone C subset of X includes an ordering in X which is
givenby x <y ifandonlyif y —x € C.

Definition (2)

A map Y:P — [0,4+00) is called nonnegative continuous
concave functional provided 1 is nonnegative, continuous
and satisfies,

Yltx+ (1 -0)y) =2 tp(x) + 1 - ()

forall x,y € Pand t € [0, 1].

Similarly, we say the map f is a nonnegative continuous
convex functional on a cone P of X f:P — [0,4+) is
continuous and Btx+ (A —-t)y) =tBx)+ (1 —t) B(y)
for all x,y € P and t € [0,1]. The main tool of this paper is
the following fixed-point:

Theorem (3) (Deimling, 2010) .

Let E be a Banach space and P subset of E be a cone in E. let
r > 0 define £, ={x € P|||x]| <r}. Assume that T:P N
£, - P iscompletely continuous operator such that Tx # x
for x € 002, ,

i) If [|Tull < |lu|l for u € 002, then i(T,2,,P) =1
i) If [|Tul] = ||u|| for u € 002, then i(T,2,.,P) =0

PRELIMINARIES AND LEMMAS
Let,

E= {(u, v) € ¢[0, +0)

lu(®)|
X c|0, + g —< s
c[0, +0) |sup o<¢ T+t
su lu(®)| <o
Post _1+t
Then E is a banach space with the norm ||(u, v)|| = |Jull +
vl where [lull = suppe; 2 < +oo.

1+t

Define cone K subset of E by

K =

{(u, v) € E| u,vare concaves,tlim u'(t) =0, tlim v'(t) = 0,}

Lemma (4) (Liang & Zhang, 2009).
Suppose H, holds. Then for any y € (1, 4+) which satisfies

0< [{ m@)dt <+, 0< [{n(t)dt < +oo, and the
Y Y
functions

Ky(8) = [1¢,7"( [ m(p)dp)ds + ay ™ (f;" n(p)dp)

K0 = [ 6,7 [ no)dpds + gy ([ nGoddp)

1 s t
Are continuous and positive on [Sl, Sol-
0
In addition H; = min K;(¢t) >0, i =12
te[z=so]
S0

Lemma (5) (Liang & Zhang, 2009).

Let u be a nonnegative concave function on [0, +c0) and
gim u'(t) = 0,and [a, b] be a subset of (0,+) .

Then u(t) > A()|lull where A(t) = {{727 and

_ [u@®l  |u®l
7 =W § €[04 SWpraccrr g =3 0}
Now, we define an operator

T:K — c[0,+00) X c[0, +0)
T(w,v)(t) = (Ty(w,v), To(w, v))(t)

Such that

Ty v) = fy ¢, (77 m(p)f u(p), v(p))dp)ds +
aodp (f mp)f (w(p), v(p))dp) , )

To(w,v) = f; ¢y ([ n(p)gup), v(p))dp)ds +
Botp (U n(p)g (w(p), v(p))dp), (5)

Lemma (6) (Liu, 2003)

Let W be a bounded subset of K. Then W is relatively compact
in E if {%} are equicontinuous on any finite subinterval of
[0,4+00) and for any &€ > 0 there exists N > 0 such that
) _ xt2)| g , uniformly with respectto x € W ast,, t, =
1+t 1+t

N, where W(t) = {x(t):x € W}, t € [0, +0).

Lemma (7)
Let H,,H,,H; hold. Then T:K - K is completely
continuous.

MAIN RESULT

Theorem (8)

Suppose that Hy, H,, H; hold. Let {A,};% suchthat A, €

(trr tesr) k= 1,2, . Let {my}iZy and {M,};2; be such
rGo

that My, < ﬁ my, <my < qmy < M, ,and for k €N,

we assume that f, g satisfy,
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Hy) f((1+0uA+0v) = ¢,(gmy), g((1+u, (1 +
tv) = ¢p(qmy)

For

()

1+Ak

(t,u,v) € [i, /1,(] X [

Hs) f((1+u, (1 +)v) = ¢p(QMy) , g(A+)u, (1 +
tv) = ¢, (QM,),

For (t,u,v) € [0, +00] X [0, My ] X [0, M, ]
where

1+t

q€(l1,+0),Qe(0,;) , L= L

,L>0,

1
I = Too Foo
27 max(dy (U mp)ap) (1 + @), by ([ n(p)ap)(1 + £,))

Then the boundary value system (1) and (2) has infinitely
many solutions {(uy, v}, suchthat my < ||(ug, vl <
My k=12,

Proof. We assume that the sequence {Q,, 1% and {Q, 15
of open subsets of E be as following:
Qi = {(wv) € K|ll(w, )|l < 2my},

Q‘Zk = {(u,V) € Kl"(u' 'U)" < ZMk}l k= 1;21"'-

Weknowthat 1 <ty < tpy <A <t <4o00,k=12-
so from lemma (5) for k € N and u,v € K we have u(t) =

r@llull .t € [ Al.

Let k € N and (u,v) € 08, then we have

u(o POl S ) @

2y = 1)l = supeag B+ supag M > LA 4 LA
F(;’) 1
= FvEm [_ :I.
= 1+ (”(ulv)”)l te Ak’ /’{k

From (H,) we have f((1+ t)u, (1 +t)v) = ¢, (gm;), we

know that (ti,to) c [A—Ik, lk], if (H,) holds, we consider
0
three cases:

i)Ifn e [%,tg]: we have;

7, )l
t +00
[t meraevendoas

= SUPt>0 1+t

+ao¢p‘1(f m(p)f (), v())dp)
n

1

n to
= (qmy) L ¢, (| mlp)dp)ds

to
Ty, f m(p)dp)
n

qmy
= K
1+t 1 () >

Lqmy,
o> 2=l )l

i) If n € (0, %) from (4) and (H,) and lemma (4) we see :
Ty (u, Il =
SuPeso | fy b C I mp) f (u(p), v(p))dp)ds +

oy (" mp)f (o), v(p))dp) |
1 L)
SWezo 7o b (f, m(p)f (u(p),v(p))dp)
qmy
= 1+¢,

-1 rto
ald) ( f , m(p) dp)
TS

_qmg i) Lgmy _
=Tk (7) > 50> 2m = @)l

i) If n € (ty, +0). From (4), (H,) and lemma (4) we have
T2 (w, )l

1 t +o
= supio | [ 47| m@)F o) v(odpds

Faoty ([ m) o) ve0an | > e Kyt
n

Lqmy,

T+t

> 2my = ||[(w, V)|l
Since
T, vl = ITy(w, V)| + 1Tz, V| = |, ),
so from theorem (3) implies that
i(T, Q4 K) = 0, (6)

Suppose that (u,v) € 39, and u,v € [0, M]. Thus

u(t) [u(®)|

Ttt < SuPyso T+t < llull = My,
v(t v(t

® PO

T4e W0y =
From (H,) we have
F(@+ 0w, + D) < ¢,(QMy),
SO
1T (u, )| =
SUPezo | Jy b (I mp)f (u(p), v(p))dp)ds +
aody (" mp)f (u(p), v(p))dp) | < (1+
@), (f, " m(p)f (w(p), v(p))dp) < QM (1 +

)¢, ()" mp) dp) < My = lull =N, vl -
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= )ll.

Similarly we can see ||T,(u, v)|| < ||v]| >

Then
1T w, V)| = [T, (w, V)| + I T2, V)| < ||(w, V)|

for (u,v) € 9, , Hence , from theorem (3) we have
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i(T, Qu, K) =1,
Thus from additivity the fixed-point index we have
i(T, Qap\ 2y, K) = 1

U]

and T has a fixed pointin Q,;\Q, such that

m < |(w,v)|| < M, for kKEN
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