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ABSTRACT 

 
The boundary value problems arise from many fields of applied mathematics and physics. Various applications of  boundary 

value problems to applied mathematical sciences are well documented in the literature. In this paper, I study the solutions for 

a class of (p,q) Laplacian system. Using the fixed point theorems in cones  the existence of positive solutions is proved. 

Sufficient conditions are provided under which this system has solution.  
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INTRODUCTION 

In this paper, we study the existence of positive solutions for 

the following (p,q) Laplacian system. 

 

{
𝜙𝑝1(𝑢

′))′ + 𝑚(𝑡)𝑓(𝑡, 𝑢, 𝑣) = 0, 𝑡 ∈ (0,1)

𝜙𝑝2(𝑣
′))′ + 𝑛(𝑡)𝑔(𝑡, 𝑢, 𝑣) = 0 ,           

  (1) 

{
𝑢(0) − 𝑎𝑢′(0) = ∫ 𝑔1(𝑠)𝑢(𝑠)𝑑𝑠

1

0

𝑢(1) + 𝑏𝑢′(1) = ∫ 𝑔2(𝑠)𝑢(𝑠)𝑑𝑠
1

0

  

{
𝑣(0) − 𝑐𝑣′(0) = ∫ ℎ1(𝑠)𝑣(𝑠)𝑑𝑠

1

0

𝑣(1) + 𝑑𝑣′(1) = ∫ ℎ2(𝑠)𝑣(𝑠)𝑑𝑠
1

0

  

 

Where 

∅𝑝(𝑠) = |𝑠|
𝑝−2𝑠, 𝑝 > 1,  ∅𝑞 = (∅𝑝)

−1
,

1

𝑝
+
1

𝑞
= 1

 We assume that the following conditions: 

 

𝐻1) 𝑓 ∈ 𝐶([0,1] × [0, +∞) × 𝑅, [0, +∞));𝑚, 𝑛 ∈

𝐶([0,1], [0, +∞)); 

𝐻2) 𝑔𝑖 , ℎ𝑖  𝑎𝑟𝑒 𝑛𝑜𝑛𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 , ∫ 𝑔𝑖
1

0
(𝑡)𝑑𝑡, ∫ ℎ𝑖

1

0
(𝑡)𝑑𝑡 ∈

[0,1).  
 

Recently, many authors have studied the boundary value 

problems. The existence of solutions for the p-Laplacian 

equation  

 

{

𝜙𝑝(𝑢
′))′ + ℎ(𝑡)𝑓(𝑡, 𝑢, 𝑣) = 0, 𝑡 ∈ (0,1)

𝑢(0) − 𝛼𝑢′(0) = ∫ 𝑔1(𝑠)𝑢(𝑠)𝑑𝑠,
1

0

𝑢(1) + 𝛽𝑢′(1) = ∫ 𝑔2(𝑠)𝑢(𝑠)𝑑𝑠
1

0

   

 

Was studied by (Yang, Wang, 2017).  

PRELIMINARIES 

Definition (1)  (Deimling, 1985) Let  (𝑋, ‖. ‖) be a real Banach 

space and a non-empty, closed, convex C subset of   X is called  

a Cone  of  X, If it satisfies the following conditions: 

i) If   𝑥 ∈ 𝐶  and   λ≥ 0   implies that   𝜆𝑥 ∈ 𝐶, ii) If   𝑥 ∈ 𝐶  

and −𝑥 ∈ 𝐶  implies that   𝑥 = 0, 

 Every cone C subset of  X includes an ordering in X which is 

given by 𝑥 ≤ 𝑦  if and only if   𝑦 − 𝑥 ∈ 𝐶. 

 

Definition (2). (Deimling, 1985) A map   𝜓: 𝑃 → [0, +∞)  is 

called nonnegative continuous concave functional provided   𝜓  

is nonnegative, continuous and satisfies 

http://fundamentaljournals.org/ijfps/index.html
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𝜓(𝑡𝑥 + (1 − 𝑡)𝑦) ≥ 𝑡𝜓(𝑥) + (1 − 𝑡) 𝜓(𝑦)  for all 𝑥, 𝑦 ∈ 𝑃 

and 𝑡 ∈ [0, 1].  Similarly, we say the map  𝛽 is a nonnegative 

continuous convex functional on a cone P of X  𝛽: 𝑃 →
[0, +∞)  is continuous and 𝛽(𝑡𝑥 + (1 − 𝑡)𝑦) ≥ 𝑡𝛽(𝑥) +
(1 − 𝑡) 𝛽(𝑦)   for all 𝑥, 𝑦 ∈ 𝑃 and  𝑡 ∈ [0, 1]. 
 

Definition (3). (Kong, 2006) Let  𝛾, 𝜃 be a nonnegative, 

continuous convex functional on P, 𝛼  be a nonnegative, 

continuous concave functional on P, 𝜓 be a nonnegative, 

continuous functional on P. Then for positive real number a, b, 

c and d, we define the following sets 

 

𝑃(𝛾, 𝑑) = {𝑥 ∈ 𝑃: 𝛾(𝑥) ≤ d},  
𝑃(𝛾, 𝛼; 𝑏, 𝑑) = {𝑥 ∈ 𝑃: 𝑏 ≤ 𝛼(𝑥), 𝛾(𝑥) ≤ d},  
𝑃(𝛾, 𝜃, 𝛼; 𝑏, 𝑐, 𝑑) = {𝑥 ∈ 𝑃: 𝑏 ≤ 𝛼(𝑥), 𝜃(𝑥) ≤ 𝑐, 𝛾(𝑥) ≤ d},   
𝑅(𝛾, 𝜓; 𝑎, 𝑑) = {𝑥 ∈ 𝑃: 𝑎 ≤ 𝜓(𝑥), 𝛾(𝑥) ≤ d},  
 

Theorem (4) (Avery & Peterson, 2001) Let P be a cone in a 

real Banach space E. Let  𝛾, 𝜃 be  nonnegative, continuous 

convex functional on P, 𝛼 be a nonnegative, continuous 

concave functional on P  and 𝜓 be a nonnegative, continuous 

functional on P satisfying  𝜓(𝜆𝑥) ≤  𝜆𝜓(𝑥), 𝑓𝑜𝑟  0 ≤ 𝜆 ≤ 1, 
such that for some positive number M and d,  𝛼(𝑥) ≤ 𝜓(𝑥)  

and   ‖𝑥‖ ≤ 𝑀𝛾(𝑥), for   𝑥 ∈ 𝑃(𝛾, 𝑑)̅̅ ̅̅ ̅̅ ̅̅ ̅. 

Suppose that 𝑇: 𝑃(𝛾, 𝑑)̅̅ ̅̅ ̅̅ ̅̅ ̅ → 𝑃(𝛾, 𝑑)̅̅ ̅̅ ̅̅ ̅̅ ̅  is completely continuous 

and there exist positive numbers a, b and c with   𝑎 < 𝑏 such 

that  

i) {𝑥 ∈ 𝑃(𝛾, 𝜃, 𝛼; 𝑏, 𝑐, 𝑑): 𝛼(𝑥) > 𝑏} ≠ ∅ and  𝛼(𝑇𝑥) > 𝑏  for  

𝑥 ∈ 𝑃(𝛾, 𝜃, 𝛼; 𝑏, 𝑐, 𝑑);  
ii) 𝛼(𝑇𝑥) > 𝑏 for   𝑥 ∈ 𝑃(𝛾, 𝛼; 𝑏, 𝑑) with 𝜃(𝑇𝑥) > 𝑐; 
iii) 0 ∉ 𝑅(𝛾, 𝜓; 𝑎, 𝑑)  and   𝜓(𝑇𝑥) < 𝑎 for  𝑥 ∈ 𝑅(𝛾, 𝜓; 𝑎, 𝑑)  
with  𝜓(𝑥) = 𝑎. 

Then T has at least three fixed points  𝑥1, 𝑥2, 𝑥3 ∈ 𝑃(𝛾, 𝑑)̅̅ ̅̅ ̅̅ ̅̅ ̅  such 

that  𝛾(𝑥𝑖) ≤ 𝑑  for i=1,2,3;   𝑏 < 𝛼(𝑥1); 
𝑎 < 𝜓(𝑥2),  with   𝛼(𝑥2) < 𝑏; and   𝜓(𝑥3) < 𝑎. 
Let,  

 𝐾 = {(𝑢, 𝑣)|𝑢(𝑡) ≥ 0, 𝑣(𝑡) ≥ 0, 𝑢, 𝑣 𝑎𝑟𝑒 𝑐𝑜𝑛𝑐𝑎𝑣𝑒 𝑜𝑛 [0,1]}    
be a Banach space  where   

‖(𝑢, 𝑣)‖ =
‖𝑢‖ + ‖𝑣‖  

2
 

and 

‖𝑢‖ = 𝑚𝑎𝑥 {max
0≤𝑡≤1

|𝑢(𝑡)| , max
0≤𝑡≤1

|𝑢′(𝑡)|}. 

 

Lemma (2).  Suppose that  𝐻2  hold, then for  𝑤1, 𝑤2 ∈ 𝐶[0,1]  
and  𝑤𝑖 ≥ 0, the problem 

{

𝜙𝑝1(𝑢
′))′ + 𝑤1(𝑡) = 0, 𝑡 ∈ (0,1)

𝑢(0) − 𝑎𝑢′(0) = ∫ 𝑔1(𝑠)𝑢(𝑠)𝑑𝑠
1

0

𝑢(1) + 𝑏𝑢′(1) = ∫ 𝑔2(𝑠)𝑢(𝑠)𝑑𝑠
1

0

,  (2)  

 

{

𝜙𝑝2(𝑣
′))′ + 𝑤2(𝑡) = 0, 𝑡 ∈ (0,1)

𝑣(0) − 𝑐𝑣′(0) = ∫ ℎ1(𝑠)𝑣(𝑠)𝑑𝑠
1

0

𝑣(1) + 𝑑𝑣′(1) = ∫ ℎ2(𝑠)𝑣(𝑠)𝑑𝑠
1

0

  

 

Has a unique solution of the form  

𝑢(𝑡) =
−𝑏𝜙𝑞1(𝐻𝑤1−∫ 𝑤1(𝜏)𝑑𝜏−∫ 𝑔2(𝑠) ∫ 𝜙𝑞1(𝐻𝑤1−∫ 𝑤1(𝜏)𝑑𝜏)𝑑𝑙𝑑𝑠

𝑙
0

1
𝑠

1
0

1
0

1−∫ 𝑔2(𝑠)𝑑𝑠
1
0

  

−∫ 𝜙𝑞1(𝐻𝑤1 − ∫ 𝑤1(𝜏)𝑑𝜏)𝑑𝑠
𝑠

0

1

𝑡
      (3) 

𝑣(𝑡) =
−𝑑𝜙𝑞2(𝐻𝑤2−∫ 𝑤2(𝜏)𝑑𝜏−∫ ℎ2(𝑠) ∫ 𝜙𝑞2(𝐻𝑤2−∫ 𝑤2(𝜏)𝑑𝜏)𝑑𝑙𝑑𝑠

𝑙
0

1
𝑠

1
0

1
0

1−∫ ℎ2(𝑠)𝑑𝑠
1
0

  

−∫ 𝜙𝑞2(𝐻𝑤2 − ∫ 𝑤2(𝜏)𝑑𝜏)𝑑𝑠
𝑠

0

1

𝑡
  

Or 

𝑢(𝑡) =
𝑎𝜙𝑞1(𝐻𝑤1)+∫ 𝑔1(𝑠) ∫ 𝜙𝑞1(𝐻𝑤1−∫ 𝑤1(𝜏)𝑑𝜏)𝑑𝑙𝑑𝑠

𝑙
0

𝑠
0

1
0

1−∫ 𝑔1(𝑠)𝑑𝑠
1
0

  

    +∫ 𝜙𝑞1(𝐻𝑤1 − ∫ 𝑤1(𝜏)𝑑𝜏)𝑑𝑠
𝑠

0

𝑡

0
      (4)  

  

and   𝑣(𝑡) =
𝑐𝜙𝑞2(𝐻𝑤2)+∫ ℎ1(𝑠) ∫ 𝜙𝑞2(𝐻𝑤2−∫ 𝑤1(𝜏)𝑑𝜏)𝑑𝑙𝑑𝑠

𝑙
0

𝑠
0

1
0

1−∫ ℎ1(𝑠)𝑑𝑠
1
0

     

+∫ 𝜙𝑞2(𝐻𝑤2 − ∫ 𝑤1(𝜏)𝑑𝜏)𝑑𝑠,
𝑠

0

𝑡

0
  

    

where  𝐻𝑤1  satisfies 

 

    𝑎𝜙𝑞1(𝐻𝑤1) = ∫ 𝑔1
1

0
(𝑠) ∫ 𝜙𝑞1(𝐻𝑤1 − ∫ 𝑤1(𝜏)𝑑𝜏)𝑑𝑙𝑑𝑠 −

𝑙

0

1

𝑠

∫ 𝜙𝑞1(𝐻𝑤1 − ∫ 𝑤1(𝜏)𝑑𝜏)𝑑𝑙
𝑙

0

1

0
 

−
(1−∫ 𝑔1(𝑠)𝑑𝑠)(𝑏𝜙𝑞1(𝐻𝑤1−∫ 𝑤1(𝜏)𝑑𝜏)+∫ 𝑔2(𝑠) ∫ 𝜙𝑞1(𝐻𝑤1−∫ 𝑤1(𝜏)𝑑𝜏)𝑑𝑙𝑑𝑠

𝑙
0

1
𝑠

1
0

1
0

1
0

1−∫ 𝑔2(𝑠)𝑑𝑠
1
0

   

 (5) 

and    

 𝑐𝜙𝑞2(𝐻𝑤2) = ∫ ℎ1
1

0
(𝑠) ∫ 𝜙𝑞2(𝐻𝑤2 − ∫ 𝑤2(𝜏)𝑑𝜏)𝑑𝑙𝑑𝑠 −

𝑙

0

1

𝑠

∫ 𝜙𝑞2(𝐻𝑤2 − ∫ 𝑤2(𝜏)𝑑𝜏)𝑑𝑙
𝑙

0

1

0
 

−
(1−∫ ℎ1(𝑠)𝑑𝑠)(𝑑𝜙𝑞2(𝐻𝑤2−∫ 𝑤2(𝜏)𝑑𝜏)+∫ ℎ2(𝑠) ∫ 𝜙𝑞2(𝐻𝑤2−∫ 𝑤2(𝜏)𝑑𝜏)𝑑𝑙𝑑𝑠

𝑙
0

1
𝑠

1
0

1
0

1
0

1−∫ ℎ2(𝑠)𝑑𝑠
1
0

   

(6) 

 

Proof.  It is easy to see that (u(t),v(t)) is the solution of the 

problem (2). 

 

Lemma (6).  (Yang & Wang, 2017) Suppose 𝐻2 hold, for 

every  𝑤 ∈ 𝐶[0,1] there exists a unique constant 

 0 < 𝐻𝑤1 < ∫ 𝑤1(𝜏)𝑑𝜏
𝑙

0
   satisfying (5) and there is a  0 < 𝜎 <

1 such that 𝐻𝑤1 = ∫ 𝑤1(𝜏)𝑑𝜏
𝜎

0
. 

We define the operator 

𝑇: 𝐾 → 𝐾,   𝑇(𝑢, 𝑣) = (𝑇1(𝑢, 𝑣), 𝑇2(𝑢, 𝑣)), 
and, 

 

𝑇1(𝑢, 𝑣) =  

{
 
 

 
 
𝑎𝜙𝑞1(∫ 𝑚(𝜏)𝑓(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)+∫ 𝑔1

1
0 (𝑠)∫ 𝜙𝑞1(∫ 𝑚(𝜏)𝑓(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)𝑑𝑙𝑑𝑠

𝜎
𝑣

𝑠
0

𝜎
0

1−∫ 𝑔1(𝑠)𝑑𝑠
1
0

+∫ 𝜙𝑞1(∫ 𝑚(𝜏)𝑓(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)𝑑𝑠,0≤𝑡,𝑠≤𝜎,                           
𝜎
𝑠

𝑡
0

𝑏𝜙𝑞1(∫ 𝑚(𝜏)𝑓(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)+∫ 𝑔2
1
0 (𝑠)∫ 𝜙𝑞1(∫ 𝑚(𝜏)𝑓(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)𝑑𝑙𝑑𝑠

𝑙
𝜎

1
𝑠

1
𝜎

1−∫ 𝑔2(𝑠)𝑑𝑠
1
0

+∫ 𝜙𝑞1(∫ 𝑚(𝜏)𝑓(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)𝑑𝑠,𝜎≤𝑡 ,          ,𝜎≤𝑡,𝑠≤1.       
𝑠
𝜎

1
𝑡

   

 (7) 

 

𝑇2(𝑢, 𝑣) =  

{
 
 

 
 
𝑐𝜙𝑞2(∫ 𝑛(𝜏)𝑔(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)+∫ ℎ1

1
0 (𝑠)∫ 𝜙𝑞2(∫ 𝑛(𝜏)𝑔(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)𝑑𝑙𝑑𝑠

𝜎
𝑙

𝑠
0

𝜎
0

1−∫ ℎ1(𝑠)𝑑𝑠
1
0

+∫ 𝜙𝑞2(∫ 𝑛(𝜏)𝑔(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)𝑑𝑠,0≤𝑡,𝑠≤𝜎,          
𝜎
𝑠

𝑡
0

𝑑𝜙𝑞2(∫ 𝑛(𝜏)𝑔(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)+∫ ℎ2
1
0 (𝑠)∫ 𝜙𝑞2(∫ 𝑛(𝜏)𝑔(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)𝑑𝑙𝑑𝑠

𝑙
𝜎

1
𝑠

1
𝜎

1−∫ ℎ2(𝑠)𝑑𝑠
1
0

+∫ 𝜙𝑞2(∫ 𝑛(𝜏)𝑔(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)𝑑𝑠,𝜎≤𝑡 ,          ,𝜎≤𝑡,𝑠≤1.       
𝑠
𝜎

1
𝑡

  

 (8) 
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So   (𝑢, 𝑣)(𝑡)  is a solution of boundary value problems (1) if 

and only if  (𝑢, 𝑣)(𝑡) is a fixed point of the operator T and T 

is completely continuous. 

  

Lemma  (7).  For Operator T is defined by (7) , (8) we have, 

 max
0≤𝑡≤1

‖𝑇(𝑢, 𝑣)(𝑡)‖ = ‖𝑇(𝑢(𝜎), 𝑣(𝜎))‖, ∀ (𝑢, 𝑣) ∈ 𝐾 

Proof. We can see   

  (𝑇1(𝑢, 𝑣))′(𝑡) = 𝜙𝑞1(∫ 𝑚(𝜏)𝑓(𝜏, 𝑢(𝜏), 𝑣(𝜏))𝑑𝜏) ≥
𝜎

𝑡

0, ∀𝑡 ∈ (0, 𝜎]     
 

and  

(𝑇2(𝑢, 𝑣))′(𝑡) = 𝜙𝑞2(∫ 𝑛(𝜏)𝑔(𝜏, 𝑢(𝜏), 𝑣(𝜏))𝑑𝜏) ≥ 0, ∀𝑡
𝜎

𝑡

∈ [𝜎, 1), 
then we have 

  max
0≤𝑡≤1

‖𝑇(𝑢, 𝑣)(𝑡)‖ = ‖𝑇(𝑢(𝜎), 𝑣(𝜎))‖, ∀ (𝑢, 𝑣) ∈ 𝐾.∎ 

 

Lemma (8).  (Liu, 2004) Let  𝑢(𝑡) ≥ 0, and U is a concave 

function, then we have  

min
𝜎≤𝑡≤1−𝜎

𝑢(𝑡) ≥ 𝜎 max
0≤𝑡≤1

𝑢(𝑡), ∀𝜎 ∈ (0,
1

2
). 

 

Lemma (9). If  𝐻2 holds, then for  (𝑢, 𝑣) ∈ 𝐾,  we have 

max
0≤𝑡≤1

𝑢(𝑡) ≤
(1 + 𝑎) max

0≤𝑡≤1
𝑢′(𝑡)

1 − ∫ 𝑔1
1

0
(𝑠)𝑑𝑠

, 

max
0≤𝑡≤1

𝑣(𝑡) ≤
(1 + 𝑐) max

0≤𝑡≤1
𝑣′(𝑡)

1 − ∫ ℎ1
1

0
(𝑠)𝑑𝑠

, 

 

Proof.  It is easy to prove. 

RESULTS 

Let    𝑀 =
1+𝑎

1−∫ 𝑔1
1
0

(𝑠)𝑑𝑠
, 𝑀′ =

1+𝑐

1−∫ ℎ1
1
0

(𝑠)𝑑𝑠
, 𝑀′′ = min {𝑀,𝑀′}   

𝐿1 = 𝜙𝑞1(∫ 𝑚(𝜏)𝑑𝜏) ,
1

0
 𝐿′1 = 𝜙𝑞2(∫ 𝑛(𝜏)𝑑𝜏),

1

0
 

 

𝑁1 =
𝑎𝜙𝑞1(∫ 𝑚(𝜏)𝑓(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)+∫ 𝑔1

1
0

(𝑠) ∫ 𝜙𝑞1(∫ 𝑚(𝜏)𝑓(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)𝑑𝑙𝑑𝑠
𝜎
𝑙

𝑠
0

𝜎
0

1−∫ 𝑔1(𝑠)𝑑𝑠
1
0

  

𝑁2 =  

𝑏𝜙𝑞1(∫ 𝑚(𝜏)𝑓(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)+∫ 𝑔2
1
0

(𝑠) ∫ 𝜙𝑞1(∫ 𝑚(𝜏)𝑓(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)𝑑𝑙𝑑𝑠
𝑙
𝜎

1
𝑠

1
𝜎

1−∫ 𝑔2(𝑠)𝑑𝑠
1
0

  

𝑁′1 =  

𝑐𝜙𝑞2(∫ 𝑛(𝜏)𝑔(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)+∫ ℎ1
1
0

(𝑠) ∫ 𝜙𝑞2(∫ 𝑛(𝜏)𝑔(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)𝑑𝑙𝑑𝑠
𝜎
𝑙

𝑠
0

𝜎
0

1−∫ ℎ1(𝑠)𝑑𝑠
1
0

  

𝑁′2=  

𝑑𝜙𝑞2(∫ 𝑛(𝜏)𝑔(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)+∫ ℎ2
1
0

(𝑠) ∫ 𝜙𝑞2(∫ 𝑛(𝜏)𝑔(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)𝑑𝑙𝑑𝑠
𝑙
𝜎

1
𝑠

1
𝜎

1−∫ ℎ2(𝑠)𝑑𝑠
1
0

  

𝐿2 = 𝑚𝑖𝑛 {∫ 𝜙𝑞1(∫ 𝑚(𝜏)𝑑𝜏)𝑑𝑠,
𝜎

𝑠

𝜎

0
𝜙𝑞1(∫ 𝑚(𝜏)𝑑𝜏) 

1−𝜎

𝜎
},  

𝐿′2 = 𝑚𝑖𝑛 {∫ 𝜙𝑞2(∫ 𝑛(𝜏)𝑑𝜏)𝑑𝑠,
𝜎

𝑠

𝜎

0
𝜙𝑞2(∫ 𝑛(𝜏)𝑑𝜏) 

1−𝜎

𝜎
},  

We define    𝛾(𝑢, 𝑣) = max
0≤𝑡≤1

‖(𝑢′(𝑡), 𝑣′(𝑡))‖,  

𝜃(𝑢, 𝑣) = 𝜓(𝑢, 𝑣) = max
0≤𝑡≤1

‖(𝑢(𝑡), 𝑣(𝑡))‖,  

𝛼(𝑢, 𝑣) = min
𝜎≤𝑡≤1−𝜎

‖(𝑢(𝑡), 𝑣(𝑡))‖ , 0 < 𝜎 <
1

2
 ,  

So  𝛾, 𝜃 are  continuous convex and 𝛼 is continuous concave 

and 𝜓 is continuous on K. 

By Lemma 8 , 9  we have:  𝜎𝜃(𝑢, 𝑣) ≤ 𝛼(𝑢, 𝑣) ≤ 𝜃(𝑢, 𝑣) =
𝜓(𝑢, 𝑣),   𝜓(𝜆𝑢, 𝜆𝑣) = 𝜆𝜓(𝑢, 𝑣), ∀𝜆 ∈ [0,1]  
 

Theorem 10.  If 𝐻1, 𝐻2 hold and there exist positive real 

numbers r, s, d, 𝜎 ∈ (0,
1

2
)  with 0 < 𝑟 < 𝑠 < 𝜎𝑑  such that  

𝐷1)𝑓(𝑡, 𝑢, 𝑣) ≤ 𝜙𝑝1 (
𝑑

2𝐿1
) , 𝑔(𝑡, 𝑢, 𝑣) ≤ 𝜙𝑝2 (

𝑑

2𝐿′1
),  (𝑡, 𝑢, 𝑣) ∈

[0,1] × [0,𝑀′′𝑑] × [−𝑑, 𝑑]; 
 

𝐷2)𝑓(𝑡, 𝑢, 𝑣) > 𝜙𝑝1 (
𝑤

𝜎𝐿2
) , 𝑔(𝑡, 𝑢, 𝑣) > 𝜙𝑝2 (

𝑤

𝜎𝐿′2
), (𝑡, 𝑢, 𝑣) ∈

[𝜎, 1 − 𝜎] × [𝑤,
𝑤

𝜎
] × [−𝑑, 𝑑]; 

 

𝐷3)𝑓(𝑡, 𝑢, 𝑣) < 𝜙𝑝1 (
𝑟(1−∫ 𝑔2(𝑠)𝑑𝑠

1
0

(𝑏+1)𝐿1
) , 𝑔(𝑡, 𝑢, 𝑣) <

𝜙𝑝2 (
𝑟(1−∫ ℎ2(𝑠)𝑑𝑠

1
0

(𝑑+1)𝐿′1
),    (𝑡, 𝑢, 𝑣) ∈ [0,1] × [0, 𝑟] × [−𝑑, 𝑑]; 

 

Then the boundary value problem (1) has at least three positive 

solutions 

(𝑢1, 𝑣1), (𝑢2, 𝑣2), (𝑢3, 𝑣3) ∈ 𝑃(𝛾, 𝑑)̅̅ ̅̅ ̅̅ ̅̅ ̅ 
such that  max

0≤𝑡≤1
‖(𝑢′𝑖(𝑡), 𝑣′𝑖(𝑡))‖ ≤ 𝑑,  for i=1,2,3; 

 

𝑤 < min
𝜎≤𝑡≤1−𝜎

‖(𝑢1(𝑡), 𝑣1(𝑡))‖; r < max
0≤𝑡≤1

‖(𝑢2(𝑡), 𝑣2(𝑡))‖  with 

min
𝜎≤𝑡≤1−𝜎

‖(𝑢2(𝑡), 𝑣2(𝑡))‖ < 𝑤; and max
0≤𝑡≤1

‖(𝑢3(𝑡), 𝑣3(𝑡))‖ < 𝑟.  

 

Proof.  We show 𝑇: 𝑃(𝛾, 𝑑)̅̅ ̅̅ ̅̅ ̅̅ ̅  → 𝑃(𝛾, 𝑑).̅̅ ̅̅ ̅̅ ̅̅ ̅̅   If  (𝑢, 𝑣) ∈ 𝑃(𝛾, 𝑑)̅̅ ̅̅ ̅̅ ̅̅ ̅,  
then 𝛾(𝑢, 𝑣) = max

0≤𝑡≤1
‖(𝑢′(𝑡), 𝑣′(𝑡))‖ ≤ 𝑑,  from  𝐷1 and 

lemma 9, we have  

 

max
0≤𝑡≤1

‖(𝑢(𝑡), 𝑣(𝑡))‖ ≤ 𝑀′′𝛾(𝑢, 𝑣) ≤ 𝑀′′𝑑,  

 

𝛾((𝑇1(𝑢, 𝑣), (𝑇2(𝑢, 𝑣))
= max

0≤𝑡≤1
‖(𝑇′1(𝑢, 𝑣), (𝑇′2(𝑢, 𝑣))‖

≤ max
0≤𝑡≤1

(𝜙𝑞1(∫ 𝑚(𝜏)𝑓(𝜏, 𝑢(𝜏), 𝑣(𝜏))𝑑𝜏)
𝜎

𝑡

+ 𝜙𝑞2(∫ 𝑛(𝜏)𝑔(𝜏, 𝑢(𝜏), 𝑣(𝜏))𝑑𝜏)
𝜎

𝑡

 

≤ 𝜙𝑞1(∫ 𝑚(𝜏)𝑓(𝜏, 𝑢(𝜏), 𝑣(𝜏))𝑑𝜏)
1

0

+ 𝜙𝑞2(∫ 𝑛(𝜏)𝑔(𝜏, 𝑢(𝜏), 𝑣(𝜏))𝑑𝜏)
1

0

 

≤
𝑑

2𝐿1
𝜙𝑞1(∫ 𝑚(𝜏)𝑑𝜏)

1

0

+
𝑑

2𝐿′1
𝜙𝑞2(∫ 𝑛(𝜏)𝑑𝜏) ≤

𝑑

2

1

0

+
𝑑

2
= 𝑑. 

 

So  𝑇: 𝑃(𝛾, 𝑑)̅̅ ̅̅ ̅̅ ̅̅ ̅  → 𝑃(𝛾, 𝑑).̅̅ ̅̅ ̅̅ ̅̅ ̅̅     

Let   (𝑢̈(𝑡), 𝑣̈(𝑡)) = (
𝑤

𝜎
,
𝑤

𝜎
),  

then  𝛾(𝑢̈(𝑡), 𝑣̈(𝑡)) = max
0≤𝑡≤1

‖𝑢′̈ (𝑡), 𝑣′̈ (𝑡)‖ = 0,   

𝜃(𝑢̈(𝑡), 𝑣̈(𝑡)) = max
0≤𝑡≤1

‖𝑢̈(𝑡), 𝑣̈(𝑡)‖ =
𝑤

𝜎
  , 

𝛼(𝑢̈(𝑡), 𝑣̈(𝑡)) = min
𝜎≤𝑡≤1−𝜎

‖(𝑢̈(𝑡), 𝑣̈(𝑡))‖ =
𝑤

𝜎
> 𝑤, 

 

So   (𝑢̈(𝑡), 𝑣̈(𝑡)) ∈ 𝑃 (𝛾, 𝜃, 𝛼; 𝑤,
𝑤

𝜎
, 𝑑),  by  𝐷2,  𝑓(𝑡, 𝑢, 𝑣) >

𝜙𝑝1 (
𝑤

𝜎𝐿2
) , 𝑔(𝑡, 𝑢, 𝑣) > 𝜙𝑝2 (

𝑤

𝜎𝐿′2
) . 
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i) Now suppose that 𝜀 ∈ (0, 𝜎),  by 𝐷2, we have 

 

𝛼((𝑇1(𝑢, 𝑣), (𝑇2(𝑢, 𝑣)) = min
𝜎≤𝑡≤1−𝜎

‖((𝑇1(𝑢, 𝑣), (𝑇2(𝑢, 𝑣))‖

= (𝑇(𝑢, 𝑣))(1 − 𝜎)

≥ 𝑁2 +∫ 𝜙𝑞1(∫ 𝑚(𝜏)𝑓(𝜏, 𝑢(𝜏), 𝑣(𝜏))𝑑𝜏)𝑑𝑙
𝑙

𝜎

1

1−𝜎

≥ ∫ 𝜙𝑞1(∫ 𝑚(𝜏)𝑓(𝜏, 𝑢(𝜏), 𝑣(𝜏))𝑑𝜏)𝑑𝑙
1−𝜎

𝜎

1

1−𝜎

 

 

 
>

𝜎
𝑤

𝜎𝐿2
𝜙
𝑞1

(∫ 𝑚(𝜏)𝑑𝜏
1−𝜎

𝜎

= 𝑤. 

 

ii)  if   𝜀 ∈ (1 − 𝜎, 1),    𝐷2  include that  

 

𝛼((𝑇1(𝑢, 𝑣), (𝑇2(𝑢, 𝑣)) = min
𝜎≤𝑡≤1−𝜎

‖((𝑇1(𝑢, 𝑣), (𝑇2(𝑢, 𝑣))‖ =       

(𝑇(𝑢, 𝑣))(𝜎) ≥ 𝑁1 + ∫ 𝜙𝑞1(∫ 𝑚(𝜏)𝑓(𝜏, 𝑢(𝜏), 𝑣(𝜏))𝑑𝜏)𝑑𝑙
𝑙

𝜎

𝜎

0
 

≥ ∫ 𝜙𝑞1(∫ 𝑚(𝜏)𝑓(𝜏, 𝑢(𝜏), 𝑣(𝜏))𝑑𝜏)𝑑𝑙
1−𝜎

𝜎

𝜎

0
   >

𝜎
𝑤

𝜎𝐿2
𝜙𝑞1(∫ 𝑚(𝜏)𝑑𝜏

1−𝜎

𝜎
= 𝑤. 

 

iii) if   𝜀 ∈ [𝜎, 1 − 𝜎], lemma 8 and  𝐷2 show that 

 

  𝛼((𝑇1(𝑢, 𝑣), (𝑇2(𝑢, 𝑣)) = min
𝜎≤𝑡≤1−𝜎

‖((𝑇1(𝑢, 𝑣), (𝑇2(𝑢, 𝑣))‖ 

≥ 𝜎𝑇(𝑢, 𝑣) (𝜎) ≥ 𝜎(𝑁1

+∫ 𝜙𝑞1(∫ 𝑚(𝜏)𝑓(𝜏, 𝑢(𝜏), 𝑣(𝜏))𝑑𝜏)𝑑𝑙
𝜎

𝑙

𝜎

0

> 𝜎
𝑤

𝜎𝐿2
= 𝑤. 

 

Hence the condition   

 

(i) of  theorem 4  was proved.  

Suppose that  (𝑢, 𝑣) ∈ 𝑃(𝛾, 𝛼; 𝑤, 𝑑), 𝜃(𝑇(𝑢, 𝑣)) >
𝑤

𝜎
   lemma  

8 shows that 

𝛼((𝑇1(𝑢, 𝑣), (𝑇2(𝑢, 𝑣)) = min
𝜎≤𝑡≤1−𝜎

‖((𝑇1(𝑢, 𝑣), (𝑇2(𝑢, 𝑣))‖

≥ 𝜎 max
0≤𝑡≤1

‖(𝑇1(𝑢, 𝑣), (𝑇2(𝑢, 𝑣))‖

= 𝜎𝜃(𝑇(𝑢, 𝑣)) > 𝑤 

 

So the condition (ii) of theorem 4 is satisfied. 

 

If   (𝑢, 𝑣) ∈ 𝑅(𝛾, 𝜓; 𝑟, 𝑑), 𝜓(𝑢, 𝑣) = max
0≤𝑡≤1

‖(𝑢(𝑡), 𝑣(𝑡))‖ ≥

𝑟 > 0.   
 

By 𝐷3 we have  

 

𝜓(𝑇(𝑢, 𝑣)) = max
0≤𝑡≤1

‖𝑇(𝑢(𝑡), 𝑣(𝑡))‖ = ‖𝑇(𝑢, 𝑣)(𝜎)‖ = 

 

1

2
(
𝑏𝜙𝑞1(∫ 𝑚(𝜏)𝑓(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)+∫ 𝑔2

1
0

(𝑠) ∫ 𝜙𝑞1(∫ 𝑚(𝜏)𝑓(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)𝑑𝑙𝑑𝑠
𝑙
𝜎

1
𝑠

1
𝜎

1−∫ 𝑔2(𝑠)𝑑𝑠
1
0

)  

 +
1

2
(∫ 𝜙𝑞1(∫ 𝑚(𝜏)𝑓(𝜏, 𝑢(𝜏), 𝑣(𝜏))𝑑𝜏)𝑑𝑡

𝑙

𝜎

1

𝜎
) + 

         

1

2
(
𝑑𝜙𝑞2(∫ 𝑛(𝜏)𝑔(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)+∫ ℎ2

1
0

(𝑠) ∫ 𝜙𝑞2(∫ 𝑛(𝜏)𝑔(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)𝑑𝑙𝑑𝑠
𝑙
𝜎

1
𝑠

1
𝜎

1−∫ ℎ2(𝑠)𝑑𝑠
1
0

) 

+
1

2
(∫ 𝜙𝑞2(∫ 𝑛(𝜏)𝑔(𝜏, 𝑢(𝜏), 𝑣(𝜏))𝑑𝜏)𝑑𝑡

𝑙

𝜎

1

𝜎
) ≤  

  

1

2
(
𝑏𝜙𝑞1(∫ 𝑚(𝜏)𝑓(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)+∫ 𝑔2

1
0

(𝑠)𝑑𝑠𝜙𝑞1(∫ 𝑚(𝜏)𝑓(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)
𝑙
0

1
0

1−∫ 𝑔2(𝑠)𝑑𝑠
1
0

)   

+
1

2
(∫ 𝜙𝑞1(∫ 𝑚(𝜏)𝑓(𝜏, 𝑢(𝜏), 𝑣(𝜏))𝑑𝜏)𝑑𝑡

𝑙

𝜎

1

0

) + 

   

1

2
(
𝑑𝜙𝑞2(∫ 𝑛(𝜏)𝑔(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)+∫ ℎ2

1
0

(𝑠)𝑑𝑠𝜙𝑞2(∫ 𝑛(𝜏)𝑔(𝜏,𝑢(𝜏),𝑣(𝜏))𝑑𝜏)
𝑙
0

1
0

1−∫ ℎ2(𝑠)𝑑𝑠
1
0

)  

 

+
1

2
(∫ 𝜙𝑞2(∫ 𝑛(𝜏)𝑔(𝜏, 𝑢(𝜏), 𝑣(𝜏))𝑑𝜏)𝑑𝑡

𝑙

0

1

0

)

≤
(𝑏 + 1)𝐿1

1 − ∫ 𝑔2(𝑠)𝑑𝑠
1

0

.
𝑟(1 − ∫ 𝑔2(𝑠)𝑑𝑠)

1

0

2(𝑏 + 1)𝐿1

+
(𝑑 + 1)𝐿′1

1 − ∫ ℎ2(𝑠)𝑑𝑠
1

0

.
𝑟(1 − ∫ ℎ2(𝑠)𝑑𝑠)

1

0

2(𝑑 + 1)𝐿′1
 

=
𝑟

2
+
𝑟

2
= 𝑟. 

 

This implies that the condition iii) of theorem 4 is proved. So 

the proof is complete. 
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