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ABSTRACT

The boundary value problems arise from many fields of applied mathematics and physics. Various applications of boundary
value problems to applied mathematical sciences are well documented in the literature. In this paper, | study the solutions for
a class of (p,q) Laplacian system. Using the fixed point theorems in cones the existence of positive solutions is proved.
Sufficient conditions are provided under which this system has solution.
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INTRODUCTION Recently, many authors have studied the boundary value

In this paper, we study the existence of positive solutions for problems. The existence of solutions for the p-Laplacian

the following (p,q) Laplacian system. equation
bp, (W) +m(t)f(t,u,v) = 0,¢t € (0,1) ¢p())' +h(O)f(t,u,v) =0,t € (0,1)
{@dﬂfﬂwmwww=m @) u(0) — aw'(0) = [ g:(Hu(s)ds,
u(0) ~ aw'(©) = f; gy (u(s)ds u(D) + B’ (D) = J; g2(Su(s)ds
Lmn+bwu)=ﬂgxgu@ms

) Was studied by (Yang, Wang, 2017).
{U(O) —cv'(0) = [, hy(s)v(s)ds

U(l) + dvl(l) - J‘Ol hz(S)U(S)dS PREL'M'NAR'ES
Definition (1) (Deimling, 1985) Let (X, ||.||) be a real Banach
Where space and a non-empty, closed, convex C subset of Xis called
_ -1 11 a Cone of X, If it satisfies the following conditions:
Op() =IslPs, p>1.00=(0,) . J4o=1 i) If x€C and A>0 implies that g/lx €C,i)If xecC
We assume that the following conditions: and —x € C impliesthat x =0,
Every cone C subset of X includes an ordering in X which is
Hy) f € €([0,1] x [0,4) X R, [0, +0));m,n € givenbyx <y ifandonlyif y—x € C.

€([0,1, [0, +00));
H,) g;, h; are nonnegative , fol g; (H)dt, fol h; (t)dt €
[0,1).

Definition (2). (Deimling, 1985) Amap y:P — [0, +0) is
called nonnegative continuous concave functional provided
is nonnegative, continuous and satisfies
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Ytx+ 1A -0y =tpx)+ A —-t)yY(y) forall x,yeP
and t € [0,1]. Similarly, we say the map p is a nonnegative
continuous convex functional on a cone P of X f:P -
[0,+o0) is continuous and B(tx + (1 —t)y) = tB(x) +
(1-t)B(y) forallx,yePand te€[0,1].

Definition (3). (Kong, 2006) Let y,0 be a nonnegative,
continuous convex functional on P, @« be a nonnegative,
continuous concave functional on P, ¥ be a nonnegative,
continuous functional on P. Then for positive real number a, b,
c and d, we define the following sets

P(y,d) ={x € Pry(x) < d},

P(y,a;b,d) ={x € P:b < a(x),y(x) <d},
P(y,0,a;b,c,d) ={x € P:b < a(x),0(x) <c,y(x) <d}
Ry, Y;a,d)={x € P:a <y(x),y(x) <d},

Theorem (4) (Avery & Peterson, 2001) Let P be a cone in a
real Banach space E. Let y,60 be nonnegative, continuous
convex functional on P, a be a nonnegative, continuous
concave functional on P and ¥ be a nonnegative, continuous
functional on P satisfying ¥ (ix) < AP (x), for 0 <A <1,
such that for some positive number M and d, a(x) < ¥ (x)
and ||x|| < My(x), for x € P(y,d).

Suppose that T: P(y,d) —» P(y,d) is completely continuous
and there exist positive numbers a, b and ¢ with a < b such
that

i){xeP(,0,a;b,c,d):a(x) >b}+ @and a(Tx) > b for
x € P(y,0,a;b,c,d);

i) a(Tx) > b for x € P(y,a;b,d) with 8(Tx) > c;

iii) 0 ¢ R(y,¥Y;a,d) and ¢Y(Tx) <afor x € R(y,y;a,d)
with ¥ (x) = a.
Then T has at least three fixed points x4, x,, x3 € P(y,d) such
that y(x;) <d fori=1,2,3; b < a(xy);

a <YP(xy), with a(x,) < b;and P(x3) < a.

Let,

K = {(u,v)|u(t) = 0,v(t) = 0,u, v are concave on [0,1]}
be a Banach space where

lQu, V)| =

llull + vl

2
and

u|| = max { max|u(t)|, max|u'(t }
[ {maxu(®)], max|u' )|

Lemma (2). Suppose that H, hold, then for w;,w, € C[0,1]
and w; = 0, the problem

¢y, (1)) + wi(t) = 0,¢ € (0,1)
u(0) — au'(0) = [, g:(s)u(s)ds, )
u(1) + bu' (D) = [ go(sHu(s)ds

¢p, (")) +w,(t) =0,t € (0,1)
v(0) — cv'(0) = [, hy(s)v(s)ds
v(1) +dv' (1) = [, hy(s)v(s)ds

Has a unique solution of the form

by (Huy = fg wi@)dT— ) 92(5) [ gy (Huwy ~fo w1 (D) dr)alds
u(t) = T
1~ [y g2(s)ds

— [ g, (Ha, — J; w1 (x)d1)ds ©)

o(t) = —dpg, (Huy—f1 wa (D dT=[) Ro(5) [ Py (Huwy— o wa (¥)dT)dlds
1—f01 hy(s)ds

1 N
=] ¢q,(Hw, — J, wo(r)d1)ds
Or
0y (Hwy) Iy 91(5) 5 gy (Hwy —fy w1 (@ dn)dlds

u(®) = 1-J3 g1(s)ds
+ [ g, (Hy, — J; wi(D)dT)ds 4)

By (Hwg)+fo h1(S) [5 by (Huy—fo wa(D)dr)dlds
1—f01 hq(s)ds

+ [ bg, (Hyy, = [ wr (D)d0)ds,

and v(t) =

where H,, satisfies

a¢Q1(HW1) = fol g1 (5) fsl ¢q1(Hw1 - fol W1(T)d‘f)dlds —
Iy ®a,(Hu, = fy wi(D)dr)dl

 (U=Jy 915)dS) (b, (Hwy —fy wi@AD)+]y 92(5) [] bgy (Hwy [y wa(Ddr)dlds

1- g2(s)ds
(5)

and
Cd)QZ (sz) = fol hl (S) fsl d)qz (HWZ - fol %) (T)dT)dldS —
fol ¢q2 (sz - fol wo (T)d‘[)dl

(=g ha()ds)( gy (Hwy =y w2(D)AD)+ 5 ha () [ by (Hwy =y wa(D)dT)dlds

1—f01 hy(s)ds

(6)

Proof. It is easy to see that (u(t),v(t)) is the solution of the
problem (2).

Lemma (6). (Yang & Wang, 2017) Suppose H, hold, for
every w € (C[0,1] there exists a unique constant
0 <H,, < fol w; (7)drt satisfying (5) and thereisa 0 < ¢ <
1 such that H,, = [, wy(t)dx.
We define the operator
T:K > K, Tw,v) = (T\(w,v), T,(w,v)),
and,

Tl (u, U) =
g, g m@f (zu@r@)d0+ ) 910) o bqq Uy m@f(zu@v(@)dodlds
1-f3 g1(s)ds
+ fot ¢q1(f: m(@)f (tu(@),v(r))dr)ds,0st,s<0,
b gy Ug M@ F(T(D)v(D)dD)+fg 92(5) [y bqy Uem@f(zu@)p(®)dr)dlds
1-Jy g2(s)ds
t +ft1 ¢q1(f;m(‘r)f(‘r,u(‘r),v(r))d‘r)ds,ast,

,0<t,s<1.

U]

TZ (ul U) =
(cta U n@g(ru@r@)dD+ o hi(s) fy bq, U] n@g(tu@v@)do)dids
! 1— fol hq1(s)ds

+ fé(ﬁqz(fsa n(®g(tu(®),v(x))dr)ds,0st,s<0,

dog, (f; n(‘c)g(r,u(r),v(‘r))d‘r)+[01 ha(s) fsl bq, (fén(‘r)g (ru(@w()dr)dlds
1—]‘01 ha(s)ds

+ I} S n@g (@ v@)an)ds,ost,

,0<t,s<1.

(®)
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So (u,v)(t) isasolution of boundary value problems (1) if
and only if (u,v)(t) is a fixed point of the operator T and T
is completely continuous.

Lemma (7). For Operator T is defined by (7) , (8) we have,
525“5%"””' v)([@®)]| = ||T(u(a),v(o'))||,v (u,v) €K
Proof. We can see

(T2 (w,v))'(€) = ¢, (J;, m@Df (7, u(®), v())d7) =
0,vt € (0,0]

and

(T, 9))® = 9o, 1@ (r,u,v(@)dr) = 0,v¢

€ [0,1),
then we have
max I (u, ) ()| = IT(w(@),v@®)|, vV wv) EK.m

Lemma (8). (Liu, 2004) Let u(t) =0, and U is a concave
function, then we have

min u(t) >0 max u(t) Vo € (0, )
ogstsl-o

Lemma (9). If H, holds, then for (u,v) € K, we have
1+ a) max u'(t)

max u(t) < 1 ,
osts1 1= [T g, ()ds

(14 ¢) max v'(t)
gnta)i V(t) < Ost<1

1-— fol hy (s)ds '
Proof. Itis easy to prove.

RESULTS
_ 1+a o 1+c
B 1—f0191(5)d5’ - 1—f01 hy(s)ds

Ly = ¢g, (f; m()d1), L'y = g, (f, n(x)dv),

Let

,M'" = min{M, M'}

N1:

agq, (f(;T m@f(tul)v (‘L’))d‘r)+f01 g1(s) fos bqq (fla m@f (tu@)v())dr)dlds

1-f) g1 (s)ds
NZ =

boq, (f; m(r)f(r,u(r),v(r))dr)+f01 g2(s) f; bqq (fclrm(t)f(t,u(t),v(t))dt)dlds

1-f} g5 (s)ds
N’l =

g, I 1@ g(zu(@),v(D)d0)+ [y ha(S) f5 gy (7 n@g(tu@v(@)do)dlds

1—f01 hq(s)ds
N'zz

dgg, (f; n(‘L')g(‘l:,u(‘r),v(‘r))d‘L')+f01 ha(s) fsl bqs (fclr n(0)g(t,u(),v(r))dr)dlds

1—f01 hy(s)ds
Ly = min{[; g, () m(@)dr)ds, b, (J} " m()dr) },

L'y = min{ [} g, ([T n()dD)ds, b, ([} n(v)d7) },
We define y(u,v) = maxll(u @©), V'O,

O(u,v) =yu,v) = maXII(u(t) v()Il,
a(u,v) = o<rg1<11n_o||(u(t),v(t))||,0 <0< é,

So y,0 are continuous convex and «a is continuous concave
and v is continuous on K.

By Lemma 8,9 we have: d6(u,v) < a(u,v) < 0(u,v) =
Y, v), YQu,v) = WP (u,v),va € [0,1]

Theorem 10. If H;, H, hold and there exist positive real
numbersr, s, d, o € (0, l) with 0 < r < s < od such that

DOF(tu,v) < ¢y, (51 )g(tuv>_¢pz( ) (tuv)e
[0,1] x [0,M"d] x [~ d,d],

2L

D)f(t,u,v) > ¢y, (0 )g(tuv)>¢pz( ) (t,u,v) €
[0,1— 0] x [w,%] x [~d, ],

r(l—folgz(S)dS)
(b+1)Ly 9t u,v) <

), (twv) € [01] X [0,7] X [~d, d];

D3)f(t,u,v) <¢p1(
(- h2(9)d
¢p2 (rl Jo h2(s)ds

(d+1)L14
Then the boundary value problem (1) has at least three positive
solutions

(u1; Ul), (qu UZ): (U3, U3) € P(]/, d)
such that ggi)gll(u’i(t), v )| < d, fori=1,2,3;

w< min [I(uy (), v () T < maxll(uz(8), vz ()l with
min II(uz(t) v ()N < w; and maXII(us(t) vz ()l <.

o<t<1

Proof. We show T: P(y,d) - P(y,d). If (u,v) € P(y,d),
then y(u,v) = (gr(lt::l()ill(u’(t), V)|l <d, from D; and

lemma 9, we have

max | (u(®), v(O)ll < M7y (w,v) < M"d,

y((Tl (u, U), (TZ (u' U))
= max |(T"y (w, v), (T"2 (w, V)

< x| MO (ru(e), v
¥ o L n(©)9(z, u(@), v(D)d)
< d0.(] () (6 u(@), v () do)
+ 0| 2@ (6 u@), v(®)dD)

< d 1 d 1 <d d
_2—Ll¢q1(£ m(T)dT)+E¢qZ(J; n(T)dT)_E—l—E
=d.

So T:P(y,d) - P(y,d).
Let (i(0), 5(0) = (%,%),
then y(i(6), #()) = max|[w'®), V(®)[| = 0,
0(ii(6), ¥(1)) = max|lii(t), H(6)Il =
a(i(t), (1)) = _nin II(u(t) v =

w
g
w
4

so (ii(t), #()) € P (y,e w2,
b (22) 9002 > by, ().

d), by Dy, f(t,uv)>
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i) Now suppose that € € (0,0), by D,, we have

a((Ty(w,v), (T2 (w,v)) = Jsfgiln_(r” ((Ty(u, v), (Ty(w, V)|
= (T(u, v))(l —0)
1

1

>N, + ¢q1(f m(r)f(r,u(r),v(‘r))dr)dl
1 1-o0 -0 o

> bq, (f m(‘r)f(‘r,u(r), v(r))d‘r)dl

> 1-0
w -
aTd) (J- m(t)dt = w.
Ohz q1 7

ii) if e€(1—-0,1), D, include that

(T (), (Tp(w,v) = min |((Ty(w,v), (T, v)I| =
(Tw))(©@) 2 Ny + [ g, ([ m@f (r, u(0), v(2) )dr)dl
> [7 g, (), m@f (v, u(0), v(D)dn)dl >

w 1-
crU—debql(f(I “m()dt = w.
iii)if € €[o,1—0],lemma8and D, show that

a((Ty (w,0), Ty, v) = min [|(Ty (), (T, v)|
> oT(u,v) (o) = a(N. o

+ [ 00 m@f(u@v@)dna
0 w l

>0—=w.
oL,

Hence the condition

(i) of theorem 4 was proved.
Suppose that (u,v) € P(y, a; w,d), 8(T (u, v)) >§ lemma
8 shows that
a((T;(wv),(T,(wv)) = min [|((Ty(wv), (T (w )|
2 o max||(Ty (w, v), (T (w, V)
=d0(T(u,v)) >w
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