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ABSTRACT

In the present paper, we derive generalized symmetries of order three of the Camassa—Holm equation by infinite prolongation of
a generalized vector field and applying infinitesimal symmetry criterion. In addition, one-dimensional optimal system of Lie
subalgebras investigated by applying the adjoint representation. Furthermore, determining equation for multipliers and the 2-
dimensional homotopy formula employed to construct higher—order conservation laws for the Camassa—Holm equation.
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INTRODUCTION

In this paper, we consider the Camassa—Holm equation

keR
)
This equation introduced first as a model describing
propagation of unidirectional gravitational waves in shallow
water approximation, with u representing the fluid velocity at
time t in the x direction, (Camassa & Holm, 1993; Camassa,
Holm, & Hyman, 1994; Constantin & Escher, 1998) or
equivalently, the high of water’s free surface above a flat
bottom. The equation (1) has a bi-Hamiltonian
structure(Fuchssteiner & Fokas, 1981), and is completely
integrable (Constantin, 2001). Moreover, the Camassa—Holm

Uy — Uy + kU, + 3uu, = 2u,u,2 + uuys,

equation is a re-expression of geodesic flow on the
diffeomorphism group of the line. Holm, Marsden, and Ratiu
(1998) have, shown that Camassa—Holm equation in n
dimensions describes geodesic motion on the diffeomorphism
group of R™ with respect to metric given by the H* norm or
Euclidean Fluid velocity. Misiotek (1998) has shown that
Camassa—Holm equation represents a geodesic flow on the
Bott-Virasoro group. Kouranbaeva (1999) has shown that
equation (1) ( for the case k = 0) is a geodesic spray of the
weak Riemannian metric on the diffeomorphism group of the
line or the circle obtained by the right translation of the
Hlinner product over the entire group. Generalized
symmetries first make their appearance the original paper of
E. Noether on the correspondence between symmetries of
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variational problems and conservation laws of the associated
Euler-Lagrange equations. The terminology generalized refers
to the fact that the infinitesimal generators allowed to depend
on derivatives of the dependent variables, which makes the
corresponding group transformations nonlocal. More recently,
these "generalized symmetries"” have proved to be of
importance in the study of nonlinear waves equations, where
it appears that the possession of an infinite number of such
symmetries, is a characterizing property of "solvable "
equations. The symmetry group for the Camassa—Holm
equation was first derived by Clarkson, Mansfield, and
Priestley (1997). Actually, Clarkson, Mansfield and Priestley
found the symmetry group related to a large class of partial
differential equations that also contains the Camassa—Holm
equation. The particular case k = 0 has been studied by N.
Bila and C. Udriste in (Bila, 1999).

In this paper, we derive generalized symmetries of order three
for the Camassa—Holm equation by using evolutionary
representative of a generalized vector field and then we obtain
one—dimensional optimal system of Lie subagebras.

In continuation, we discuss on the conservation laws of the
Camassa—Holm equation. It” well known that, the roll of
multipliers thoroughly investigated, particularly in the
construction of new and higher—order conservation laws. In
fact, in the latter case, there is a one to one correspondence
between multipliers and conservation laws due to a homotopy
integral formula that a knowledge of a multiplier, by formula
leads to a conserved flow (Hereman, 2006). R. Naz, I. Naeem
and S. Abelman found conservation laws of the Camassa-
Holm equation of first order by using the variational derivative
approach (Naz, Naeem, & Abelman, 2009). The second order
conservation laws for the Camassa—Holm equation with k=0
have been derived in a recent paper by A.H. Kara and A.H.
Bokhari by a non variational approach (Kara & Bokhari,
2011). In this paper, we construct higher—order conservation
laws of the Camassa-Holm equation.

GENERALIZED SYMMETRIES

Consider a system of n-th order differential equations in p
independent and q dependent variables as follows

A(x,u™)=0, v=1,..,N 2
Involving  x = (x%,..,xP), u=(ul,..,u?) and the

derivatives of u with respect to x up to order n. A generalized
vector field will be a expression of the form

v =30 ¢l 5+ B b [ul 5z (3) ®3)

in which coefficient functions &,,depend on x, u and
derivatives of u. By the prolongation formula of theorem
(2.36) in (Olver, 2000), we can define the prolonged
generalized vector field

i )
prv = v+ T Buyen balul 5 @
whose Coefficients are determined by the formula

0= Db~ S, )+ L O

Since all the prolongation of v have, the same general
expression for their coefficient functions qbé, it is helpful to
pass to the infinite prolongation, and take care of all the
derivatives at once. Specially, given a generalized vector field
v, its infinite prolongation is the formally infinite sum

pro =30 &+ N0, %, ¢l ©)

[24 a’
Bu]

where each qbé has given by (5), and the sum in (6) now
extends over all multi indices j = (jy, ..., jx)for k=>0,1<
JeSpe N
By the infinitesimal symmetry criterion in theorem (2.72) of
(Olver, 2000), we can state the following result. A generalized
vector field v is a generalized infinitesimal symmetry of a
system of differential equations (2) if and only if

prv[A,] =0, v=1,..,i @)
For every smooth solution u = f(x). Among all the
generalized vector fields, those in which the coefficients &[u]

of the % are zero play a distinguished role. Let Q[u] =

(Qs[ul, ..., Q4[ul) €,47  be a g-tuple of differential
functions. The generalized vector field

vy = 24 Qulul 5 ®

is called an evolutionary vector field, and Q is called its
characteristic. Note that according to (5), the prolongation of
an evolutionary vector field takes a particularly simple form:

a
Prvg = Xy D)Qq m 9)

Any generalized vector field v as in (3) has an associated
evolutionary representative v, in which the characteristic Q
has entries

Qqy = ¢o — ?:1 iuia'

a=1,..,q, (10)

9 . ,
where uf‘:a’;i. These two generalized vector fields

determine essentially the same symmetry. In principle, the
computation of generalized symmetries of a given system of
differential equations proceeds in the same way as the earlier
computations of geometrical symmetries, but with the
following added features:

First we should put the symmetry in evolutionary form v,.
This has the effect of reducing the number of unknown
functions from p+gq to just g, while simultaneously
simplifying the computation of the prolongation prv,. One
must then a priori fix the order of derivatives on which the
characteristic Q (x, u™) may depend. Therefore, by taking m
not too large will yield important information on the general
form of the symmetries. Finally, one must deal with the
occurrence of trivial symmetries; the easiest way to handle
these is to eliminate any superfluous derivatives in Q by
substitution using the prolongation of the system. Suppose
vo = Q[u]d, is a generalized symmetry in evolutionary form.
Note that we can replace some derivatives of u occurring in Q
by their corresponding expressions without changing the
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equivalence class of v. For instance, u,,, replaced by u, +
ku, + 3utly, — 2Uy Uy, — Uly,, and so on. Thus, every
symmetry is uniquely equivalent to one with characteristic

Q = Q (X, t,u, Uy, Ugy Usexs Unts Uty Unenrr Unter Uty -+ ) (11)
The prolongation of v, is given by
prUQ = Qau + Danux+DtQaut + D)%Qauxx + DthQauxt
+ DQdy,, +
(12)
The infinitesimal condition (7) for invariance is then
D,Q — D2D,Q + kD, Q + 3(u,Q + uDy)
= 2(uxxDxQ + uxD)%Q) + U @ + uD;’Q (13)

which must be satisfied for all solutions. To calculate third
order symmetries, we require

Q = Q(x, t,U, Uy, Up, Unex Uty Utes Unces Uneets Uttt (14)
So, upon substituting  for w,, Uyyxe » Unxee, - 1IN (13)
according to the equation and after eliminating any
dependence among the derivatives of the function of u, we are

left to a complete system of determining PDEs. Therefore, the
most general third—order characteristic function Q is

3 1
Q = (Clt - ECzuz + E(zuxx - zk)Cz - 2C3) u+ C3uxx
1 1 kt
+=uZ + Cyup + uy2Csy — §C2uttt - ?Clux

2

1 Cs

+(—§C2u3 —u®Cy + ) Uxx — EC3u,3C
(k+2u—-2, )

1 1 2Cs 8
+5Cik + Cut S u(——————= +3Cu
k + 2u — 2uy, )2
3
+((—2ugy + k)Cy +9C3)u? + 4 (k - Eu,m) Csu + 2Cq
(15)

where C,, .....Cgq are arbitrary constants. Therefore, we can
state the following results:

Theorem 1. The most general third-order infinitesimal
generalized symmetries of the Camassa-Holm equation is a R—
linear combination of following six vector fields

Q1 = Uy ) Q2 = u;

1 1
Qs = —Ektux+tut +u+§k

3,1 1, 1
Q4 = (_Eu + E(Zuxx —2k)u + Eux) Uz — guttt
3 1 3
— §u Upsx + Eux(gu
+ (= 2Uypy + K)u?)

1
Qs = (_u + uxx)ut + Usrr — U3 Uy Eux(gu2

3
+4 (k - Eux"> u)

uxxx

1
3 +§k +u
(—2uy, + k + 2u)2

1
Q¢ = u? —Euxkt +

Uy

-3 (16)
(—2uyx+k+2u)2

which vy, v4,,v0, form a three-dimensional Lie algebra g of
symmetry group associated to the Camassa—Holm equation.
The symmetries u,d, and u,d, of the Camassa-Holm
equation are just the evolutionary representative of the space
and time translational symmetry generators. Similarly the
symmetry vq, has geometric form —ktd, + 2td, + (—k —
2u)d,. We call these evolutionary symmetries vy, , vy, and
v, in geometric form with

Yl = ax'YZ = at, Y3 = _ktax + 2tat + (_k - Zu)au

(a7
respectively.

Proposition 2. The one-parameter groups g;(t):M - M
generated by the Y; i = 1,2, 3 given in the following table:

(x,t,u) = (x +s,t,u)
(x, t,u) » (x,t+s,u)

91(s):
g2(s):

g3(8): (x, t,u) > (—%kte“ + -kt +x,te?, —~k +
-2s 1
e (u +3 k))
where the entries give the transformed point

exp(sY;)(x,t,u) = (%,t,u). Consequently, we can state the
following theorem:

(18)

Theorem 3. If u = U(x, t) is a solution of the equation (1) so
are the functions u!(x.t),i = 1,2,3 and s € R, where

ul=U(x+s,t) , u2=U(x,t+5s)
kt k
ud =e?y <? (1-e®) +x, tezs) + E(l —e™%)
(19)

OPTIMAL SYSTEM OF ONE-DIMENSIONAL
SUBALGEBRAS

To each s-parameter subgroup there corresponds a family of
group invariant solutions. Therefore, in general it is quite
impossible to determine all possible group-invariant solutions
of a PDE. In order to minimize this search, it is useful to
construct the optimal system of solutions. It is well known that
the problem of the construction of the optimal system of
solutions is equivalent to that of the construction of the optimal
system of subalgebras (Bluman, Cheviakov, & Anco, 2010;
Olver, 2000). Here we will deal with the construction of the
optimal system of subalgebras of g. Let G be a Lie group with
g its Lie algebra. Each element T € G yields Inner
automorphism T, - TT,T~* of the group G. Every
automorphism of the group G induces an automorphism of g.
The set of all these automorphisms is a Lie group called the
adjoint group G#. The Lie algebra of G is the adjoint algebra
of g, defined as follows. Let us have two infinitesimal
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generators X, Y €g. The linear mapping AdX:Y — [X,Y]isan
automorphism of g, called the inner derivation of g. The set of
all inner derivations adX (Y) (X,Y € G) together with the Lie
bracket [AdX, AdY] = Ad[X,Y] is a Lie algebra g called the
adjoint algebra of g. Clearly g4 is the Lie algebra of G4.

Two subalgebras in g are conjugate (or similar) if there is a
transformation of G4 which takes one subalgebra into the
other. The collection of pairwise non-conjugate s-dimensional
subalgebras is the optimal system of subalgebras of order s.
The latter problem tends to determine a list (that is, called an
optimal system) of conjugacy inequivalent subalgebras with
the property, that any other subalgebra is equivalent to a
unique member of the list under some element of the adjoint
representation i.e. hAd(g)h for some g of a considered Lie
group. Thus we will deal with the construction of the optimal
system of subalgebras of g. The adjoint action has given by the
Lie series

Ad (exp(eX) Y;) = Y, = e[V, Y] + €2[¥,, [¥, 1] = -
(20)
where [Y;,Y;] is the commutator for the Lie algebra, ¢ is a
parameter and i ,j = 1.2.3. The adjoint representation of g
listed in the following table, it consists the separate adjoint
actions of each element of g on all other elements.

Table 1: Adjoint relations satisfied by infinitesimal generators

[.]1 | n Y, Y3
n n Y, €
Y, Y, Y, Ys + e(—kY,+2Y)
Ys Yy | Vo + e(—kY;+2Y,) Ys

where the (i,j)-th entry indicating Ad (exp(eY,) Y;).

Theorem 4.  An optimal system of one-dimensional Lie
algebras of the Camassa-Holm equation (1) provided by

nn 2)Y, 3)Y;
4’) Y3 + YZ 5)Y3 - Yz
4‘) Y3 + Yl 5)Y3 - Yl

(21)
Proof. Consider the symmetry algebra g of the Camassa—
Holm equation whose adjoint representation was determined
in table 1 and

Y = a1Y1 + a2Y2 + a3Y3 (22)

is a nonzero vector filed in g. We will simplify as many of the
coefficients a; as possible through judicious applications of
adjoint maps to Y. Suppose first that a; # 0. Scaling Y if
necessary, we can assume that a; = 1. Referring to table 1, if

we act on such a Y by Ad(exp(—%ale)), we can make the
coefficient of Y; vanish.

Y =Ad (exp (—%aIYZ)) Y =dY, + Y (23)

for certain scalar 4. So, depending on the sign of 4, , we can
make the coefficient of Y, either +1,-1 or 0. On the other hand,

referring to table 1, if we act on Y by Ad (exp (éazYz)), we
can cancel the coefficient of Y,. So that Y is equivalent to

v =Ad(exp (Fa,%,))Y = dyYy + %, (24)
For some d;. Thus, we can make the coefficient of Y; either
+1,-1 or 0. Consequently, any one—dimensional subalgebra
spanned by Y with a; # 0 is equivalent to one spanned by
eitherY; + Y,, Y5 — Y,, Y3 + V) ¥3 — Y, Y3. The remaining cases,
a; = 0, are similarly seen to be equivalent either to Y, (a, #
0) or to Y;(a; = a, = 0). There is not possible any further
simplification. Recapitulating, we have found an optimal
system of one—dimensional subalgebras to be those spanned
by

e)Y; - Y,

O -Y
N, 9n

HIGHER- ORDER CONSERVATION LAWS FOR THE
CAMASSA-HOLM EQUATION

Consider a system of N partial differential equations of order
n with p independent variables x = (x%,...,x?) and ¢
dependent variables u = (u?, .....u%), given by PDE system
(2). A Conservation law of a PDF system (2) is a divergence
expression

D,P, +--D,P, =0 (25)
holding for all solutions u = f(x) of the given system. In (26),
P(x,u®),i=1....p, are called the fluxes of the
conservation law, and the highest—order derivative r present in
the fluxes is called the order of the conservation law. If one of
the independent variables of PDE system (2) is time t, the
conservation law (25) takes the from

D,T + DivX =0 (26)
where Div is the spatial divergence of X with respect to the
spatial variables x = (x1,...,xP). Here T referred to as a
density, and X = (Xy,...X,) as spatial fluxes of the
conservation law (25). The conserved density, T, and the
associated flux, X = (X, .... X;,) are functions of x, t, u and the
derivatives of wu with respect to both x and ¢t. In particular,
every admitted conservation law arises from multipliers
AV (x, u) such that

2 (x,u®)4,(x,u™) = D;P;(x,u™) (27)

holds identically, where the summation convention is used
whenever appropriate. Through this approach, the determining
of conservation laws for a given PDE system (Bluman et al.,
2010) (2) reduces to finding sets of multipliers. The Euler
operator with respect to u; is the operator defined by

E ;= 9 D 9 1D D 9
W= ia_u{-+"'+(_) iy - iST‘I'"'
s

(28)

It is well known that, the Euler operators (28) annihilate any

divergence expression D;P;(x,u™). Thus, the following

identities hold for arbitrary function u:
E i(D;P(x,u™) =0,

j=1,..q (29)
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The converse also holds. Specifically, the only scalar T = 1 . 7 3 5
expressions annihilated by Euler operators are divergence 1~ pz % wxxx ~ 6”“” + 8” ux + 18 Y Uexxx
expressions. In continuation, the following theorem is applied 1 4 1 1
which connecting multipliers and conservation laws. 3 3 Wttt T g Ul = Uty
1 1 23 1
L N . SUUgx T3 u? uxx uguxx - _ufc
Theorem 5. A set of multipliers {A"(x,u®)} _ vyields a % 3 24 24
conservation law for the PDE system (2) if and only if the set + gu + Eut - guxxu,%u + guxutu
of identities 1 1 2
—UpUlyyy T = Ulpy Uy + = Upse Uy U
E,j (Av(x,u(l))Av(x,u("))) =0, j=1,...,q (30) 91 3 ) e
N _ _ — U Uy Uy — = U U U
holds identically. See [3] for more details. The set of equations 245 ToxTx g P TtTax
(30) yields the set of linear determining equations to find all (34)
sets of conservation law multipliers of the PDE system (2) by . _ }uzu _— fuu — + }uuzu B lu o
considering multipliers of all orders. 27 g7 TxTtxx g UTt T o PR T g Pxax Tt
In this section, we construct higher order conservation laws for " Zu w 8 S it 4= 1 i
the Camassa-Holm equation. Consider the multipliers of the T R S
form A(x, t, u, Uy, Up, Uy Ugr» Uner Unrrs Ugre) TOF the equation 4 Ty L _Loa,
(1). The determining equation for multipliers is ? t 31 tex Zéi txxx .
+ —UpUppe + ~ Ulpey — 5 UerUpe — 5 USU
Ey[A(ue — ugpz + kuy + 30, — 2uty2 — uttys] = 0 g e 16 e 53 R R
(31) 9 uxutt +3 9 ut Uxx — 18 u Uttxx
In (31) E,, is the standard Euler operator defined by 2 1 37 5
+—uu? —-ulud — —uud — —utuy,
9 x 2 24 2
E=1—Di—Da+D26+DD g 3
Y ou * 6ux ¢ aut auxx t auxt T U Uy T S UU Uy — §uxututx
2 0 _ 7 1 2
+D; Buyy ’ 6 utxuxxu +5 2 uxuxxu 3 S Ul U Uy
32) 3 45
where D, and D, are the total derivatives with respect to x 2
and t. Therefore, after straightforward but tedious calculation, (35)

we conclude that

1
A= Clutt + Cluxut + (_Clu + Cz) (uxt + _uxz)

2
2C,
+ ———+ (—2Cu + Cuuy,

N U T U

5 53 2
+EClu —ECzu +Cu+C,
(33)

where Cy,C,, C5,C,, Csare  constants. To calculate the
conserved quantities T and X, we need to invert the total
divergence operator. This requires the integration (by parts) of
an expression in multi-dimensions involving arbitrary
functions and its derivatives, which is a difficult and
cumbersome task. The homotopy operator (10) is a powerful
algorithmic tool (explicit formula) that originates from
homological algebra and variational bi—complexes. In the
following, conserved vectors represented by two components
T, and T, , which are conserved density and flux, respectively.
By using the 2-dimensionl homotopy (integral) formula which
is due to Hereman et al. (2005), we derive the following
conserved vectors:

Theorem 6. Conservation laws of the Camassa-Holm
equation obtained as follows

1 5
Case 114 = up + Uy — Ullyy — JUUE — 2upy® + 20
Therefore, we obtain the following conserved vector

1 3
Case2: 1 =1, + Eu,zc + Ullyy — Euz
Therefore, the corresponding conserved vector is:

1, 1 , 1 1, 1
T, = —ou —guxxux + 7 Wt +§u Uy +guux
1 1, 1
- Euxutxx + 1_8u Upexxx T Euutxxx
1 1
+ Zuutx - gutxuxx + §uuxuxxx
(36)
1 1 1, 5
TZ - _guutuxxx 12 uuttxf EI; utxxx1+ Euuxxux
+ i uf — gufx - §u4 - gufg + Ul U
+ Ul Uy — 7 Wt + Zuzu,zc 17 Wtk
7 1 3
+ guzutx + g Walket + EuSuxx - §u§utx
1 1
- Euzu,zcx Euxxu,zcu
, @7
Case3: 1= N
1
T, = 3 Quyu? + 18uu2, — 4ud, — 26u,,u? — 3uu’,,

F 2Uy Ul — SUUZ — 2UP Uy
+ Uy Ullyyy + 1203

5
- zuxxxuxxux)/(_uxx + u)f
(38)
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1 Case5:1=1
T, = = (12u* — 12uu, — 7Tully Uy + 3Ullpr Uy 1
3 Ihi=u- Euxx (42)
+ SU UM — UpUUyy + 18U U U ) . L
— _2 3,2_1.2
- 2uxultuxx + 4uxutxxux2 - zutuxxxuxx TZ = Ut 3 Uex * 2 “ 2 U (43)

— 2Ulpypr Uy + 36UUZ, — 36UsU,,

+ Zuzutxxx - 8utxuzzcx - 10utxu2)/(_uxx

5
+u)z
(39)
Cased:A1=u
1 5 1 1 5
Ty = -uy — Ul +ouU (40)
T, = §utux - guutx + u® — uu,, (41) (41)

REFERENCES

Bila, N. (1999). Infinitesimal symmetries of Camassa-Holm
equation. Paper presented at the Proceedings of the
Conference of Geometry and its Applications in Technology
and Workshop on Global Analysis, Differential Geometry
and Lie Algebras, BSG Proceeding 4, 1999.

Bluman, G. W., Cheviakov, A. F., & Anco, S. C. (2010).
Applications of symmetry methods to partial differential
equations (Vol. 168): Springer.

Camassa, R., & Holm, D. D. (1993). An integrable shallow
water equation with peaked solitons. Physical review letters,
71(11), 1661.

Camassa, R., Holm, D. D., & Hyman, J. M. (1994). A new
integrable shallow water equation Advances in Applied
Mechanics (Vol. 31, pp. 1-33): Elsevier.

Clarkson, P., Mansfield, E. L., & Priestley, T. (1997).
Symmetries of a class of nonlinear third-order partial
differential equations. Mathematical and Computer
Modelling, 25(8-9), 195-212.

Constantin, A. (2001). On the scattering problem for the
Camassa-Holm equation. Proceedings of the Royal Society
of London. Series A: Mathematical, Physical and
Engineering Sciences, 457(2008), 953-970.

Constantin, A., & Escher, J. (1998). Wave breaking for
nonlinear nonlocal shallow water equations. Acta
Mathematica, 181(2), 229-243.

Fuchssteiner, B., & Fokas, A. S. (1981). Symplectic structures,
their B&cklund transformations and hereditary symmetries.
Physica D: Nonlinear Phenomena, 4(1), 47-66.

CONCLUSIONS

In this paper, generalized symmetries of order three of the
Camassa-Holm equation obtained by the infinitesimal
criterion  method. Classification of one-dimensional
subalgebras is determined by constructing one-dimensional
optimal system of Lie subalgebras. Furthermore, we utilize
Euler operator to construct determining equation for
multipliers. Finally, higher order conservation laws of the
Camassa-Holm equation constructed by applying the 2-
dimensional Homotopy formula.

Hereman, W. (2006). Symbolic computation of conservation
laws of nonlinear partial differential equations in multi-
dimensions. International journal of quantum chemistry,
106(1), 278-299.

Hereman, W., Colagrosso, M., Sayers, R., Ringler, A.,
Deconinck, B., Nivala, M., & Hickman, M. (2005).
Continuous and discrete homotopy operators and the
computation of conservation laws Differential Equations
with Symbolic Computation (pp. 255-290): Springer.

Holm, D. D., Marsden, J. E., & Ratiu, T. S. (1998). The Euler—
Poincaré equations and semidirect products with
applications to continuum theories. Advances in
Mathematics, 137(1), 1-81.

Kara, A., & Bokhari, A. H. (2011). A non-variational approach
to the construction of new ‘higher-order’conservation laws
of the family of nonlinear equations o (ut+ 3uux)+ p (utxx+
2uxuxx+ uuxxx)— yuxxx= 0. Communications in Nonlinear
Science and Numerical Simulation, 16(11), 4183-4188.

Kouranbaeva, S. (1999). The Camassa—Holm equation as a
geodesic flow on the diffeomorphism group. Journal of
Mathematical Physics, 40(2), 857-868.

Misiotek, G. (1998). A shallow water equation as a geodesic
flow on the Bott-Virasoro group. Journal of Geometry and
Physics, 24(3), 203-208.

Naz, R., Naeem, I., & Abelman, S. (2009). Conservation laws
for Camassa—Holm equation, Dullin—Gottwald—Holm
equation and generalized Dullin—-Gottwald—Holm equation.
Nonlinear Analysis: Real World Applications, 10(6), 3466-
3471.

Olver, P. J. (2000). Applications of Lie groups to differential
equations (Vol. 107): Springer Science & Business Media.

25



