Original Research Papers
Open Access Journals
ISSN: 2231-8186

F u nd a me n ta l J o ur na ls
International Journal of Fundamental Physical Sciences (IJFPS)
IJFPS, Vol 9 , No 3, pp 48-54 Sept, 2019
DOI: 10.14331/ijfps.2019.330131

T. Okino
https://www.fundamentaljournals.org/index.php/ijfps

Relation of Matter Wave Verified in Diffusion Theory
Takahisa Okino
Department of Applied Mathematics, Faculty of Science & Engineering,
Oita University, 700 Danoharu, Oita City, Oita Prefecture, Japan

E-mail addresses: okino@oita-u.ac.jp
Received Sept 2019
Received in revised: Sept 2019
Published: Sept 2019

AB S T RA C T
Investigating the elementary process of diffusion yielded the universal expression of diffusivity relevant to the angular
momentum of each microparticle in a material. Using the diffusivity obtained then for the diffusion equation, the wave equation
of Schrödinger was theoretically derived from the physical concept in Newton mechanics. The derivation itself reveals that any
moving microparticle has the wave image as an intrinsic nature. It was theoretically revealed that the relation having been
accepted as a hypothesis proposed by De Broglie is valid for any moving microparticle and that another relation of matter-wave
is possible. The new diffusion theory based on the matter-wave will be useful for further development of the nanotechnology in
materials science.
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INTRODUCTION
The collective motion of micro particles in a material is
governed by the partial differential equation of diffusion in the
category of Newton mechanics, and their general solutions
(Okino, 2011, 2012, 2015, 2019) depend on the behavior of
diffusivity. On the other hand, the motion of single micro
particle is governed by the wave equation in the quantum
mechanics (Schrödinger, 1926).
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The diffusion equation shows that the diffusivity depends on
behavior of a micro particle in material. It is thus considered
that the quantum effect should be incorporated into the
diffusivity. Nevertheless, the diffusivity has been accepted as
a proportional factor of the concentration gradient to the
diffusion flux called the Fick first law in the existing diffusion
theory (Fick, 1855). The discussion about the Markov process
theoretically revealed (AA Markov, 1960) that the universal
expression D  2m of diffusivity D is valid for any micro
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particle with a mass m and a momentum p in a local space
(Okino, 2013, 2018), using a characteristic constant called the
Planck constant h ( 2 )m (Planck, 1900). In relation to the
derivation of D  2m , it is theoretically revealed that the
relation   h p having been accepted as a hypothesis
proposed by De Broglie is really valid for the wave length 
of any moving micro particle (De Broglie, 1923). Using the
Boltzmann constant k B and a correction term  , the relation
of

h

m( k B T   )

is also theoretically derived as another

matter wave relation from using the equipartition law of
energy (Boltzmann, 1872) for a micro particle in material at an
absolute temperature T . The elementary process of diffusion
depends on the relation   h m(kBT   ) . The concept of
wave nature is thus reasonably incorporated into the diffusion
mechanism. Further, using the diffusivity D  2m for the
diffusion equation, the wave equation of Schrödinger was
theoretically derived from investigating the elastic collision
problem in the category of Newton mechanics (Okino, 2013,
2018), while Schrödinger derived the wave equation from the
prior condition of the De Broglie hypothesis. The present
derivation itself gives evidence that any moving micro particle
has a wave nature because of deriving the wave equation of
Schrödinger from the concept of Newton mechanics for any
micro particle. Thus, the diffusion theory bridges the gap of
physical concept between the Newton mechanics and the
quantum mechanics.
The diffusion theory would originally play an important role
in the construction of quantum theory if we noticed the
diffusivity D  2m in the period from the energy hypothesis
of Planck (Planck, 1900) to the derivation of Schrödinger
equation (Schrödinger, 1926). The importance of diffusion
theory should be thus reevaluated in the fundamental physics.
At the same time, the new diffusion theory discussed here will
be useful for a basis of the nanotechnology in materials
science. It is one of the aims in the present work that the
importance of diffusion theory in physics and also the new
fundamental findings obtained here are universally known.
HISTORY IN CLASSICAL QUAMTUM THEORY
In 1900, the relation En  nh (n  1, 2, ) of energy hypothesis
was proposed by Planck using the frequency  of light in
relation to the black body radiation. The Planck relation
producing the concept of discrete energy was applied to the
phenomena of photo-electric effect (Einstein, 1905). The
concept of energy quantum has been thus widely accepted
since then. Bohr proposed the relation given by Ln  rn p  n ,
(n  1, 2, ) of angular momentum as a model of hydrogen
atom, where the electron moves with a momentum p on the
circular orbit of discrete radius rn  rn 1  r (Bohr, 1913). De
Broglie proposed that the relation of
ph 

(1)

is valid between a velocity v , a wave length  and a mass m
of a micro particle in relation to the momentum p  mv (De
Broglie, 1923). Further, the so-called Schrödinger equation
was derived in 1926 from accepting the relation of matter wave

called the De Broglie hypothesis. Based on the fundamental
theory in physics, the relation
L  r  p  const . of
conservation law of angular momentum L is generally valid
between a position vector r and a momentum p   m v 
for any micro particle of mass m moving with a velocity v
around a central point in a central force field. Here, the
notation r  r

†

 ( x, y, z ) is the well-known Dirac bracket,

and L , v and  used later are L   L , v   v
†

  

†

and

†

in terms of the Hermite conjugate relevant to the
differential operators. For the angular momentum between the
orbital radius r  rn and r  rn 1 in a central force field, the
general relation of
L 

L L  r  p  rp  l

(2)

is valid. Here, l is a constant value relevant to the angular
momentum and the relations of

 r  p  r  p  0,

 L  r  p  (r  r )  ( p  p
n

n

are used. In the Bohr model, the relation L 
l
corresponds to the empirical equation of Balmer in relation to
the radiation energy (Balmer, 1885). Further, the experimental
results obtained by (Davisson & Germer, 1928; Frank & Hertz,
1914; Thomson & Reid, 1927) show that the relation 2r  
is valid in a local space between the neighboring discrete orbits
in relation to the wave nature of electron.
In those days, we could not understand the reason why the
electron does not emit the radiation energy during an
acceleration motion in the Bohr model. In the derivation
process of the Schrödinger equation discussed later, it is
revealed that the concept of acceleration relevant to any micro
particle in a local space disappears essentially from the
Newton mechanics resulting from the impossibility of
identification between two micro particles of the same kind in
a local space. We understand the reason mentioned here for the
present as follows. It is reasonably accepted that the electron
having no concept of acceleration does not emit the radiation
energy, even if the electron with an electronic charge moves
on the circular orbit in the local space of hydrogen atom. There
is no other negative finding relevant to the relation of angular
momentum and the relation of wave nature for the orbital
electron in the Bohr model. Thus, there is now no doubt that
the relations of
rp 

and 2r  

(3)

are valid for the orbital electron in the Bohr model. Here,
equation (3) is just the necessary and sufficient condition for
the validity of p   . In other words, eliminating r of (3)
reveals that equation (1) is theoretically valid for the orbital
electron in Bohr model. Here, we can reconsider the relations
of rp  and 2r   in a local space in the different
viewpoint from the orbital electron in the Bohr model as
follows. The relation 2r   relevant to the orbital radius is
also accepted as k  2   1 r in a local space in relation to
49
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the wave number vector k in the phase of progressive wave
function. The relation rp 
relevant to the angular
momentum is also accepted as k  p  1 r in relation to the
wave number vector. Equation (1) is also valid resulting from
eliminating r from the relations k  2   1 r and
k  p 1 r , even if the electron moves in a local space
considered as a non-central force field. Based on matters
mentioned above, it was reasonably revealed that the moving
electron has the universal relation p  h  as an intrinsic
nature of the electron itself.
However, it is still uncertain whether or not the relation
p  h  is also theoretically valid for such a micro particle as
atom and molecule, even if it is experimentally revealed that
such a micro particle has a characteristic nature like a wave
image (Arndt, Nairz, Voss-Andreae, & Keller, 1999; Doak et
al., 1999), and (Shimizu, 2001). That is just the reason why the
relation p  h  is still called the hypothesis of De Broglie. In
other words, we have now no physical evidence that the
theoretical equation p  h  is valid for any moving micro
particle. It seems that the diffusion theory has no connection
with matters mentioned above. In fact, we cannot find such a
discussion. In the following, however, investigating the
elementary process of diffusion will reveal that the diffusion
theory plays an important role for understanding the physical
essence of matters mentioned above.

ELEMENTARY PROCESS OF DIFFUSION
In the following, the importance of diffusion theory in the
fundamental physics will be revealed. In that case, for such a
micro particle as atom and molecule having an internal
structure, the internal structure is neglected in the present
work.
Angular momentum of micro particle in a local space
The proof of relation rp  valid for any micro particle was
too simplified in the previous works (Okino, 2013, 2018). In
the following, therefore, it is described in detail that the
relation rp  is theoretically valid for any micro particle in
a local space, even if any micro particle moves in the field of
non-central force.
Based on the fact that the moving electron is governed by (1)
as revealed in the previous Chapter, the angular momentum
L  rp for any micro particle is discussed in the following.
The electron incident on the surface of a material is not
captured by any vacant local space because of nonexistence of
a large central force like the case of Bohr model. The electron
thus moves through interstices between micro particles in the
material at an absolute temperature T , repeating collisions
with the micro particles. In that situation, the equipartition law
of energy relevant to a group of micro particles indicates that
the velocity v * of electron with a mass m* is given by
*

v 

(kBT   ) m

*

per a degree of freedom, where  is a

correction term due to the uncertainty principle for the
equipartition law of energy at T  0 . The relation obtained
here results in the correlation given by
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v  ( k T   ) m


 r  ( k T   ) m t
*

*

 r * p*   (k T   )t * ,
B

B

*

*

*

B

where a value of time t * is a characteristic one dependent
only on T .
Here, note that the relation  (kBT   )t * has no intrinsic
quantity relevant to the electron, although it is derived from
the matter relevant to the electron. The relation
*
 (kBT   )t is considered to be universal for any micro
particle in a material. In that case, it is considered that the
characteristic value of t * is relevant to the frequency  of
the harmonic oscillator in relation to the equipartition law of
energy. Thus, the correlation of

 t

1 

*



( k BT   )

 2t

 h  kBT  

*

may be valid in the present case. For any micro particle with a
mass m in the same material at the temperature T used above
for the electron, the relation of v  (kBT   ) m is also valid
in the same manner. The relation rp  (kBT   )t should be
also theoretically valid then. The relation t *  t is valid then
because of the dependence only on T . Judging from the
relation t *  t , the relations of

 r p  ( k T   ) t

rp  ( k T   )t
*

*

B

*

 ,

B

result in the universal relation of
rp  ,

(4)

which is theoretically valid for any moving micro particle in a
material.
Universal expression of diffusivity
For the concentration C (t , x, y, z ) dependent on the time and
space coordinate setting the origin at a center point of local
space in a material, the Markov process shows that the relation
given by
1 C (t , x  x, y  y , z  z ) 
C (t  t , x, y , z )  
(5)

2 C (t , x  x, y  y , z  z ) 
is valid in the elementary process of diffusion. The Taylor
expansion of (5) yields
t C  D   C

for

 r 

where the abbreviated notation

2

2t  D ,

 t   t

(6)

is used. Here, it is

physically accepted that the value of  r  2t in each local
space in a material converges to a statistical mean value
2
D   r  2t called the diffusivity. It is reasonable that a
micro particle exists at the center r  0 in the time average at
the absolute temperature T  0 . If a micro external force acts
50
2
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on the micro particle, it moves from r  0 to r   for
0    1 then. Subsequently, it returns to r  0 again, if the
force is removed. This means that the averaged centripetal
force caused by micro particles around the concerned micro
particle acts on the micro particle itself in the local space.
Substituting equation (4) into the diffusivity expression
2
D   r  2t  rp 2m using a momentum p results in the
universal diffusivity of
D  rp 2m 

2m

(7)

in the averaged central force field mentioned above, where the
temperature dependence is neglected.
Derivation of Schrödinger equation
Since Schrödinger used the well-known Euler relation
ix
e  cos x  i sin x instead of the trigonometric function for the
calculation in the derivation process, the so-called Schrödinger
equation becomes the partial differential equation for a
complex-value function. The Schrödinger equation for a
complex-value function  in the free field is expressed as
i  t 

p p
2m

 .

(8)

An elastic collision problem between micro particles A and B
of the same kind was investigated in the category of Newton
mechanics (Okino, 2013). The particle 𝐴 moving with a
velocity vA  v0 collides at the time t  0 with the particle 𝐵
in the standstill state in the initial state (a). If we can make the
discrimination between 𝐴 and 𝐵 just after the collision
between 0  t  t  1 , the particle A decelerates from the
velocity vA  v0 to the velocity zero and the particle B
accelerates from the velocity zero to the velocity vB  v0 in the
collision process (b). On the other hand, if we cannot make the
discrimination between 𝐴 and 𝐵 just after the collision, it
seems that the particle A decelerates from the velocity vA  v0
to the velocity zero between 0  t   and subsequently
accelerates again from the velocity zero to the velocity vA  v0
between   t  t in the present case (c). In other words, the
motion of particle A then seems as if there is no collision
process.
We generally discriminate between A and B by means of
observing the reflected visible light of wave length  caused
by the collision between the incident light and micro particles
A and B. For the distance d between A and B, it is necessary
for the discrimination to hold the condition of   d . Here, the
relation E  hc  of photon energy indicates that a large
energy of E is necessary for a small value of d because of
  d then. When a value of d is small, we cannot
theoretically discriminate between A and B because of the
disturbance caused by the large E due to small  . In the space
†
r  ( x, y, z ) , the acceleration a is defined as;

 

a   t r  lim
2

t  0



t

2

r

(9)

In the above latter case (c), the change of acceleration from
a  aA between 0  t   to a  aA between   t  t
indicates that the impossibility of identification between the

particles A and B just after the collision yields the
transformation of differential operator from  t  lim  t
t  0

between 0  t   to i lim  t  i t between   t  t , as
t  0

can be seen from (9). The impossibility of identification
mentioned here thus indicates the necessity of imaginary
differential operators for the diffusion equation. Therefore, we
mathematically accept the imaginary operator i t as an
essential characteristic caused by the impossibility of
identification. The concept of acceleration in Newton
mechanics then disappears from the present collision problem,
although that of t a or a velocity v is still meaningful for
the limit of t  0 . Further,   i 
accordance with t  i t because of
 x  lim

x  0

  


x

 lim

t  0

t 

x t

is also valid in

 1 vx   t .

The progressive wave function is generally expressed as
f  A exp i  k r  t  by using a wave number k  2 
and an angular velocity   2 . In relation to a circular
motion of radius rn  rn 1  r ,   2r or k  1 r
corresponds to   1 2t or   1 t in the progressive wave
function. If we take account of the eigenvalues of the
imaginary differential operators for the progressive wave
function, the signs of t   it and   i  should be
physically determined as







t

 i t  lim   i t  ,
t  0

  i   lim
x  0

     


i x

, lim

y  0



i y

, lim

z  0



i y

†

.

Using the diffusivity of (7) and the imaginary differential
operators discussed here for the elementary process of
diffusion, equation (6) is rewritten as
it C    2m   C .

(10)

Here, note that the concentration C obtained by solving (10)
becomes a complex-value function then, as can be seem from
the solution obtained by using the usual method of separation
of variables for (10). Using the imaginary differential
operators mentioned above for   2r of momentum
p  h   k and   1 2t of photon energy E  h   ,
the well-known basic operators in quantum mechanics are
obtained as
h


 i  x ,
 px    x  lim
x  0 i x
x
(11)

 E  h  1  lim   i  .
t

t  0 i t
t
Using equation (11) for (8), the Schrödinger equation is thus
rewritten as
i t    2 2m   
(12)

51
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Here, the Schrödinger equation of (12) is also reasonably
obtained in the category of Newton mechanics by rewriting the
complex-value function like C   in equation (10).
Regardless of the De Broglie hypothesis used by Schrödinger
for the derivation of (12), the same equation was theoretically
derived from investigating the elementary process of diffusion.
The derivation itself discussed here is meaningful in the
fundamental physics, since the analytical method used here
bridges the gap of physical concept between the Newton
mechanics and the quantum mechanics. In particular, the fact
that the wave equation of Schrödinger was theoretically
derived from the diffusion equation relevant to the Brown
motion in the category of Newton mechanics gives the
remarkable and important evidence that any moving micro
particle in a local space has the wave image given by
  2r

(13)

It was thus for the first time theoretically revealed that any
moving micro particle has the wave nature. In addition, the
wave nature of some micro particles like atom or molecule is
also confirmed by the experimentation (Arndt et al., 1999;
Doak et al., 1999) and (Shimizu, 2001)
Relation of matter wave
As discussed above, equations (4) and (13) corresponding to
the necessary and sufficient condition of (3) have been already
obtained. We can thus conclude that equation (1) is universally
valid as an intrinsic nature of any moving micro particle in a
material. Hereafter, equation (1) should be recognized as not a
hypothesis but a real one valid theoretically in physics. Here,
substituting equation (1) into the relation p  mv  m( k T   )
B

relevant to the equipartition law of energy yields
h

m(kBT   )

(14)

Equation (14) is considered as another relation of matter wave
in a material at an absolute temperature T . The limit of m 
in the relation of (14) indicates that the quantum characteristic
of matter wave disappears from the particle concerned.
Equation (14) is applicable to investigate behavior of any
moving micro particle in a material. The diffusion mechanism
just corresponds to (14) acceptable as another relation of
matter wave.
New diffusion mechanism
It is well-known that a micro particle in a crystal material is
not in the standstill state but in the lattice vibration or thermal
vibration state (Born & Huang, 1954). On the other hand,
equation (7) indicates that a micro particle in material moves
on a fixed circular orbit on the spherical surface of local space
because of the conservation law of angular momentum. The
great circular motion of micro particle on the orbital plane
perpendicular to the z axis corresponds to the simple
harmonic motion in the direction of x or y axis. Thus, the
lattice vibration or thermal vibration of micro particle in a
material corresponds to the simple harmonic motion
mentioned here. A lattice constant for a crystal material or a
mean distance between neighboring micro particles for an
amorphous material is denoted as a at a given temperature T .

If equation (14) satisfies the relation   2 a , the micro
particle with mass m is able to exist in the local space. It is
considered then that such micro particle is stable under the
condition of radius r  rn  n  2  n  1, 2,  for rn  a in a
central force field. We conceive in the following that a micro
particle with mass m  mP forming the population or a micro
particle with mass m  m j in a material makes a great circuit
of radius r  rn on the z  0 plane in a local space.
(i) In case of

2

a 2 (kBT   )  m j  mp

The micro particle is able to occupy the local space between
p 2  r  a in the present case. The motion of micro particle
is stable as a wave image under the condition of r  rn  nr ,
for (n  1, 2, ) but n  2 a p and r   j 2 . In the state
of r  rn   for   r caused by a thermal fluctuation,
however, the micro particle (quantum) of a wave image
becomes unstable and it then jumps in an instant from the local
space to a near vacant local space. Such a quantum moves
through a path composed of interstices between micro particles
in a material until the quantum collides with a micro particle
on the path. In that situation, the movement of quantum is thus
translator one with the wave number k  p  1 r and
equation (1) is still valid then because of the relation
 j  h m j (k B T   ) of wave nature.
(ii) In case of m j  mp
The relation  j  h

m j (kB T   )

in the present case indicates

that the micro particle with mass m j makes a circuit of radius
between 0  r  p 2 as a wave image in the central force
field. Such a micro particle may be considered as an impurity
particle in the concerned material. Such impurity particle is
relatively large in size compared with the micro particle of
population. Nevertheless, the orbital radius r  rn becomes
relatively easily in the state of r  rn   in terms of a thermal
fluctuation because of a large momentum

pj 

m j (kB T   )

. It

is thus able to jump from the local space to a near vacant local
space through the path composed of the interstices in material
as a wave image in spite of the micro particle of relatively large
size.
(iii) In case of m j  2 a 2 (kBT   )
In the present case, a micro particle relatively small in size
compared with the micro particle of population is unable to
occupy a local space in material because of r  a . Such micro
particle may be also considered as an impurity particle. As a
result, it diffuses at random through the interstices in material
as a wave image, repeating collisions with micro particles. The
theory of elementary process of diffusion mentioned above
shows that the progress of diffusion does not always depend
on the existence of neighboring vacant local space. However,
the existence of neighboring vacant local space affects on the
diffusion progress. In general, the conservation law of angular
momentum is valid for each micro particle in the above case
(i) or (ii). The orbital plane is immovable as far as
 d dt  Ln  0 is valid. Each unit vector perpendicular to an
orbital plane of micro particle is different from each other then.
In other words, jumping possibility and also jumping direction
52
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of a micro particle depend on a spatial correlation between the
unit vector and the neighboring vacant local space. It is an
extremely low probability that a path of composed of the
interstices continues from the surface of thin film to the back.
When that happened, such a micro particle incident on the
surface of thin film as one satisfying a m ( k T   )  moves to
j

B

the back directly through the path as a quantum with a wave
image then. That is considered as the tunnel effect in the
quantum mechanics.
DISCUSSION AND CONCLUSION
From a viewpoint of the fundamental physics, it was
theoretically revealed that the diffusion theory plays an
important role for the establishment of quantum theory. At the
same time, it was found that the equation   p of the matter
wave having been accepted as a hypothesis for a long time and
further another equation   h m(kBT   ) derived from the
present work are theoretically valid for any moving micro
particle as a fundamental equation in physics. As a result, the
development from the Newton mechanics into the quantum
mechanics was produced from what the discrimination
between two micro particles of the same kind moving in a local
space is principally impossible.
For the Brown motion (Brown, 1828), Einstein revealed
evidence that a material is composed of atoms or molecules by
deriving the diffusivity expression (Einstein, 1905).The Fick
first law J  v C expressed by a velocity v and a
concentration C of Brown particles was used for the
calculation then. Substituting the relation J  v C into the
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