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ABSTRACT

One of the enduring puzzles in high energy particle physics is why quarks do not exist independently despite their existence
inside the hadron as quarks have never been found in isolation. This problem may be solved by formulating a QCD potential for
the entire range of interaction distances of the quarks. The mystery could be related to the fundamental origin of the mass of
elementary particles despite the success of the quantum field theories to the highest level of accuracy. The renormalization
program is an essential part of the calculation of the scattering amplitudes, where the infinities of the calculated masses of the
elementary particles are subtracted for the progressive calculation of the higher-order perturbative terms. The mathematical
structure of the mass term from quantum field theories expressed in the form of infinities suggests that there may exist a finite
dynamical mass in the limit when the input mass parameter approaches zero. The Lagrangian recovers symmetry at the same
time as the input mass becomes zero, whereas the self-energy diagrams acquire a finite dynamical mass in the 4-dimensional
space when the dimensional regularization method of renormalization is utilized. We report a new finding that using the
mathematical expression of the self-energy(mass) for photons and gluons calculated from this method, the complex form of the
QCD and QED interaction potentials can be obtained by replacing the fixed interaction mediating particle’s mass and coupling
constants in Yukawa potential with the scale-dependent running coupling constant and the corresponding dynamical mass. The
derived QCD QED potentials predict the behavior of the related elementary particles exactly as verified by experimental
observation.
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However, a consistent interaction potential model has not been

INTRODUCTION proposed for QCD and QED. We investigated the structures of

The standard Glashow-Weinberg-Salem (Glashow, 1961; A.
Salam & Ward, 1967; A. J. N. S. Salam, 1968; S. J. P. r. L.
Weinberg, 1967) model of electroweak interaction has been
highly successful in predicting the interactions of high-energy
elementary particles. The discovery (Arnison et al., 1986; UA-
2 Collab., 1983) of the W and Z gauge bosons, and finally the
discovery of the Higgs boson at CERN in 2012 (D Liko, 2012),
proved that the standard model is a mathematically correct
theory describing the interactions of elementary particles.

the self-energy diagrams of the elementary particles to study
the relationship between the mass and coupling constant in
quantum field theories and apply them to construct the
interaction potential model. By using the dimensional
regularization method for the renormalization of quantum field
theories, a finite indeterminate mathematical form of the
dynamical mass of the fields is obtained in the limit of the
input mass term in the Lagrangian approaches zero in the
dimensional regularization method.
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In this process, the symmetry of the original Lagrangian is
restored, whereas a finite mass appears in the self-energy-loop
diagrams. The renormalization group equation ('t Hooft, 1993;
Coleman, 2022; Gell-Mann, Goldberger, & Thirring, 1954;
Gross et al., 1973; Stiickelberg & Petermann, 1953; Symanzik,
1971; S. J. P. L. B. Weinberg, 1980; K. G. Wilson & Kogut,
1974; K. G. J. R. 0. m. p. Wilson, 1975) resolves the problem
of arbitrariness of the renormalization prescription. The
dynamical mass generation mechanism is presented within the
framework of the dimensional regularization method
developed by G. 't Hooft and M. Veltman (Veltman, 1972).

DYNAMICAL MASS FROM THE MASSLESS
QUANTUM FIELD THEORY

1- A@* Theory

The mathematical structure of the one loop self-energy
diagram in A@* theory is represented by
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As a result of this operation, we have an analytical mass that
is not infinity but simply undetermined. Therefore, the
massless A@* scalar field theory begins to have a mass from a
one-loop self-energy diagram. Recalling that the A@*massless
scalar field theory is the simplest case of supersymmetric
theories, it provides us with a clue to a possible mass-
generation mechanism for supersymmetric particles. The fact
that the explicit mass parameter in the Lagrangian does not
represent the real mass of the field and its sole purpose is to
provide a reference from which the real mass can be
determined experimentally has already suggested that the mass
can be generated by dynamical interactions of the interacting
fields. In the case of QCD and QED, the self-energy was
calculated without explicit mass parameters in the Lagrangian.

2- QED

The self-energy diagram of the electron in QED (7) without
the mass parameter in the Lagrangian is given by
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where Y (2) is a constant given in general,
Y +1) =14+ oty (¥ =05772..)

andu is an arbitrary constant with mass dimensions.
Renormalization for nonzero bare mass m, is necessary
because the first term is divergent in the n — 4 limit. However,
in the zero bare mass limit my — 0, the term is not infinite but
becomes undetermined. We introduce a constant C,, and the
one-loop diagram becomes
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where P represents the energy-momentum tensor of the
electronic quantum field. Because self-energy is defined by the
energy when the particle is in a rest state, the mass of the
electron is given by

Mezgce 4)
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and the higher-order small correction terms can be included in
the constant factor C,, without the loss of generality. The
vacuum polarization diagram of the photon (7) is given by
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The dynamical mass of the photon is now given by
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where the photon mass constant
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Although it is generally known that photons do not carry mass,
the gauge invariance of the Lagrangian suggests that they
manifest mass in relation to the distance of their interactions
with the charged particles. In fact, the self-energies of photons
and gluons manifest themselves as masses.

3-QCD

Using the same procedure for QCD, the dynamical mass for

quarks is given by
- = lim (220) (%2
Mf =03 8m? Cf Cf = lim (n—>4) (n—4)
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and
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for the self-energy of the gluon from Yang Mill fields.

SELF-ENERGY AND COUPLING CONSTANT IN THE
QUANTUM FIELDS

It is well known that the electron mass is related to the
electrostatic self-energy in classical electrodynamics, where
the radius r, of the electron is defined by

m, =% ®)

In fact, the relationship between the mass and the
corresponding charge of a particle is a universal feature
beyond classical electrodynamics. The quantum field
theoretical dynamic mass is directly related to the
corresponding coupling constants by the following relations,
as shown in the above examples:
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and from equation (7) we had,
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where C;, C,, and C5 are constants determined by the group
structure of the non-Abelian gauge theory, and the sub-indices
s, e,7, f, and Y.M indicate the scalar, electron, photon, fermion,
and Yang-Mills fields, respectively. In the four-dimensional
space, all constants, including the higher-order correction
terms for the self-energies, become undetermined in the limit
of the momentum, and the input mass becomes zero. These
relations between the mass and coupling constant suggest a
significant variation in the mass due to the running coupling
constant that depends on the scale.

QCD and QED POTENTIALS BY GENERALIZING
YUKAWA POTENTIAL

In 1935, Yukawa (6) introduced the nuclear potential, which
has been proven to be highly successful in addressing many of
the diverse nuclear interactions. The major property of
Yukawa's potential is the introduction of the mass of the pion
as the interaction-mediating particle, which applies for strong
nuclear force at short distances. The coupling constant and
mass of the pion in Yukawa's nuclear potential are independent
fixed parameters regardless of the mutual interaction distance.

2 e—me

Vvukawa (1) = —9 . ©
where g is the coupling constant, m is the mass of the
intermediate particle, » is the radial distance between particles,

and « is a scaling constant.

1- QCD

Because we have established the dependence between the
scale-dependent coupling constant and the self-energy of the
quantum fields, we propose constructing a new generalized
Yukawa potential by replacing the fixed mass and coupling
constant with those that depend on the running coupling
constant (2) — (7). The generalized Yukawa potential with the
variable-scale-dependent running coupling constant and the
corresponding self-energy is given by

e—am(ur

V() = g*(w (10)

.
Where g2 (u) is the running coupling constant and m(u) is the
scale-dependent self-energy (mass) of the interaction-
mediating field in the QFT. For example, photon mass is zero
in macroscopic scale and Yukawa potential with zero mass
interaction mediating particle takes the form of Coulomb
potential. This property of Yukawa potential indicates that the
fundamental mathematical structure of Yukawa potential is
much more general than typically known as nuclear potential.
It has been shown that the coupling constant and mass of the
fields depends on the scale in quantum field theory. Therefore,
using the property of the generality of Yukawa potential, it
must be possible to derive a detailed form of QCD and QED
potentials that are effective in sub-hadronic scale by utilizing
the mathematical form of the scale dependent coupling
constant and the mass of the interaction mediating particles in
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quantum field theories. The scale-dependent running coupling
constant from QCD is given by
gs

1+ (Z)m (%)
(11)

which was developed by D. Gross, F. Wilzeck, and H. D.
Politzer (8) (9) and using the scale-dependent self-energy of
Yang-Mill field (7), the QCD potential is given by
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where Cj; is the gluon mass constant, which is given by
C4=5.8 X 1071942 and C, is a group structure constant of an
order of magnitude 1 and g, = g(u,). However, the potential
in the form (12) is impractical because of the parameter p,
which depends on the input momentum scale. To translate the
parameter u into distance r, we hypothesize that there is a
mathematical relationship between u and r governed by

p=2exp (5) ALp>0 (13)
where A and p are the adjustable parameters. The relation (13)
does not violate the quantum mechanical uncertainty because
the larger input momentum y results in a smaller distance r
owing to the quantum uncertainty principle,

AxAp = h/2 (14)
In fact, the mathematical relation (13) is the only possible
choice to obtain 1/r dependent Coulomb potential at large
distances and the QED potential at sub-hadronic distances that
confirms the phenomenological quarkonia spectroscopy
results (19). After the transformation of ¢ by the relation [13],
the QCD potential (12) is given by:
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parameter A is set for B > 0 and Cj; is the gluon mass constant

which is given by C,;=5.8 X 10_103g2, and C, is a group

structure constant of the order of magnitude 1.

Atr =14 = /A/B, the QCD potential (15) becomes zero due
to the negative infinite exponential factor and becomes
imaginary as r increases further. To visualize the general
structure of the potential, for instance, for 4A=B=/ and
% C.Cy = 0.05, the QCD potential has the form presented in

the diagram in Fig. 1, which shows the initial confinement and

deconfinement by the sharply dropping potential after
reaching the maximum and the decay phase as the potential
becomes imaginary below zero level. In quantum mechanics,
imaginary potential is known to violate the conservation of the
probability of finding quantum particles.

The loss of probability beyond the outer radius of the hadronic
boundary is consistent with the absence of fractionally charged
isolated particles and also with the spontaneous evaporation
(11) of the black hole at its surface, assuming that the black
hole is fundamentally a neutron star with extreme density of
quark-gluon plasma. For small r and @ = 1, the QCD potential
(15) becomes

(16)

The quark potential (15) shown in Fig. 1 has the following
features.

1. linear potential at small distance

2. confinement within the hadronic boundary

3. deconfinement beyond the critical distance of the
hadronic boundary as the potential drops to zero

4. decay (disappearance) of quark matter as the potential
becomes imaginary as the relative distance increases
beyond the zero-potential level

5. no singularity throughout the relative distances

RY

15

Fig. 1 QCD Potential Diagram

2- QED

By applying the same mathematical procedure using the
running coupling constant for the QED

e*(Q) = 1_(6292 (17)

o2) i)
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Where Q is the input momentum scale given by O=Aexp (r%)

for the transformation into the length parameter r, and A, p are
adjustable constants that have the same form as in the case of
QCD (13), the QED potential is given by:

« 1/2
-1 P
Ve =\ Tz e\ (- o)
r2 r2

(18)

where,

=(2)(%2) . p-(2)

and C, is the photon mass constant (5) with the upper limit of
the photon rest mass 3 x 107> g (10).
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Fig. 2 QED Potential Diagram

To visualize the detailed structure of the QED potential, for
instance, for C =1, D =1, and ;?Cy = 0.01, the potential
is presented in Fig. 2 which shows the sharply rising core
potential at the contact boundary of the electron and positron
at r=,/D/C =1 as they approach close together. The
potential becomes imaginary as both particles come close past
the contact distance and reach a level above zero. This
behavior of the QED potential is consistent with the electron-
positron pair annihilation as they approach sufficiently close
together. It should be noted that the sharply rising core

potential has been employed for the calculation of the “Lamb
shift” (12) in the form of the &§(r) function in the
phenomenological model. The parameters C and D determine

the contact radius of the electron-positron pair, and (Lz) C,
61T

determines the depth of the QED potential. By adding the two
potentials (15) and (18) at typical low-energy hadronic bound
states, we obtain
-1 r
V(T') = E + Z (19)
This result confirms the previously reported non-relativistic
phenomenological quark potential, which was in good
agreement with the experimental results in heavy quarkonia
spectroscopy (13). The QCD potential (15) in Fig. 1 shows a
small yet finite probability of finding fractional charges at the
critical distance, which supports the results reported by
researchers (14). In the case of the QED potential, the
interaction of the electron with the antimatter positron is
considered the key to the loss of the quantum probability of the
electron at close distances which is manifested by the
imaginary number of the potential. In the case of QCD, the
quark's loss of quantum probability beyond the distance of the
hadronic boundary due to the imaginary value of the potential,
has been confirmed by the absence of fractionally charged
particles that have never been detected by experiment. The
derived QCD potential also confirms the prediction of
spontaneous decay of black hole (11), which is essentially a
large-scale matter state of the quark-gluon plasma.

CONCLUSION

We presented a uniform mathematical procedure to transform
the perturbative quantum field theories into interaction
potential model for both QCD and QED respectively by
utilizing the running coupling constant derived from the
renormalization group equations within the framework of the
known Yukawa nuclear potential model and the dynamical
mass from quantum field theories. Both the QCD and QED
potentials show sharply reversing curvature of the peak
potential at the critical distances without the loss of continuity
and these two different types of potentials confirm the
experimental data at all ranges including the absence of
independent quarks and the disappearance of electron and
positron in QED by the potentials becoming imaginary beyond
the critical distance.
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